Calabi-Yau algebras viewed as deformations of 

Poisson algebras 

Roland Berger and Anne Pichereau* 

^ ■ Institut Camille Jordan^ Faculte des Sciences et Techniques 

23, Rue P. Michelon, 42023 Saint-Etienne Cedex, France 

E-mail: Roland.Berger@univ-st-etienne.fr, 

Anne.Pichereau@univ-st-etienne.fr 



O 



O 



< 



Abstract 

From any algebra A defined by a single non-degenerate homogeneous quadratic 
fH \ relation /, we prove that the potential w — fz (where z is an extra generator) is 

3-Calabi-Yau. It means that the quadratic algebra B defined by the potential w is 
3-Calabi-Yau. The algebras A and B are both Koszul. The classification of the alge- 
bras B in three generators, i.e., when A has two generators, leads to three types of 
algebras. The second type (the most interesting one) is viewed as a deformation of 
a Poisson algebra S whose Poisson bracket is non-diagonalizable quadratic. Although 
^►^ , the potential of S has non-isolated singularities, the homology of 5* is computed. Next 

^v^ ' the Hochschild homology of B is obtained. 

r^ ■ Mathematical Subject Classifications (2000). 16S37, 17B63, 17B55, 16E65, 16S80 

Key words. Koszul algebras, Calabi-Yau algebras, Poisson algebras, deformations of alge- 
bras, Poisson homology, Hochschild homology. 
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1 Introduction 



The deformation theory offers a way to study non-commutative algebras A by examining 

associated Poisson algebras S. The idea is to get (more or less explicitly) invariants attached 

to S by the use of differential calculus on the commutative algebra S, and then to deduce 

C^ ' from them some invariants attached to A. Invariants of interest in various domains are of 

homological nature. In particular, a natural question is the following (there is the same in 
cohomology). 

(Q) Is the Hochschild homology HH,(A) of A isomorphic to the Poisson homology 
HP. (5) ofS'? 

A positive answer was given by Kontsevich [16' in cohomology when S is the algebra 
of the C°° functions on R" endowed with any Poisson bracket tt extended to the space of 
formal series 5'[[?i]], and A is the space S[{h]] whose usual commutative product is replaced 
by the Kontsevich star product •jr (see e.g. |1] for further developments). 

The question (Q) was initiated by Brylinski [5] when the algebra A is filtered such that 
gr(A) is assumed to be commutative and smooth. Then gr{A) is naturally a Poisson algebra 
S, and there is the Brylinski spectral sequence 

E^ = HP,{S) =^ HH.{A). (1.1) 



•The second author was supported by the french ANR projet ANR-09-RPDOC-009-01. 



In this context, we can replace the question (Q) by the following one. 

(Q') Does the Brylinski spectral sequence degenerate at E'^l 

As shown by Kassel [Tl] , this is the case if S is any polynomial algebra whose generators 
have all degree 1, so that the Poisson bracket of S is of degree < 1 and ^ is a Sridharan 
enveloping algebra. Actually, Kassel proved more precisely that the symmetrization defines 
an isomorphism from the Poisson complex of S to the Koszul complex of A. The latter result 
was generalized (in a weaker form) in [13] to the crossed products of enveloping algebras. 

Van den Bergh showed that the question (Q') has a positive answer if A is a generic 
Sklyanin algebra in three generators [37] • In this case, the Poisson bracket of S (which is 
quadratic) is derived from a "Poisson potential" cj) such that 

(IS) the origin is an isolated singularity of the polynomial </>. 

In the paper of Van den Bergh, the property (IS) appears as essential in the computation 
of HP,(S'), and it is the same for the other examples (quadratic, cubic, or more generally 
quasi-homogeneous) considered further [THldllHI]. In this paper, we present an example 
of quadratic algebra, called B in the text, for which the previous programme is performed 
without the property (IS). In other words, in our example of quadratic algebra B, the 
Poisson bracket of S (which is non-diagonalizable quadratic) is derived from a potential (j) 
having non-isolated singularities. Nevertheless, HP,(S') is explicitly computed (Section 5 
below). Next we prove that any Poisson cycle can be lifted in a Koszul cycle (according to 
the fact that B is Koszul, it is more convenient to use Koszul complex, instead of Hochschild 
complex, in order to define IIII,(i?)). Finally we get the computation of HH,(i3) as stated 
in the following. 

Theorem 1.1 Let B be the C-algebra defined by the generators x, y, z, and the following 
relations 

zy = yz + 2xz, zx ~ xz, yx — xy + x . 

Let S be the polynomial C-algebra in x, y, z, endowed with the Poisson bracket derived from 
the potential (j) — — x^z. Then the Hochschild homology of B is isomorphic to the Poisson 
homology of S and is given by 

HHo{B) ~ xC[y](BC[y,z]; 
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Since B is 3-Calabi-Yau, the Hochschild cohomology is then immediate: HH'{B) = 
HH^^,{B). In particular, the center of B is the polynomial algebra generated by x^ z. The 
above theorem shows that the Hochschild homology is not free as a module over the center 
(in contrast to Sklyanin algebras). Remark that the duality HP'{S) ~ HP3^,{S) holds 
since the Poisson bracket derives from a potential. 

Our example of Koszul algebra B belongs to a large class of Koszul 3-Calabi-Yau algebras. 
Let us explain how we define this class (see Section 2 below for details). For any non- 
degenerate quadratic relation / = ^^ fijXiXj in n > 2 non-commutative variables Xi, the 
algebra A defined by the single relation / is Koszul and AS-Gorenstein of global dimension 
2 [11] , and A is Calabi-Yau if and only if / is symplectic [3] . Add an extra generator z to the 
Xi's and consider the quadratic algebra B defined by the potential w = fz (see e.g. [T^ISIIS] 
for algebras defined by potentials). The properties of B that we shall obtain in Section 2 
work out over any field and are stated in the following. 

Theorem 1.2 Let f = ^^ ■ fijXiXj be any non-degenerate quadratic relation over a field k 
in non-commutative variables xi, . . . ,Xn (n > 2) and let z be an extra generator. Let A be 
the k-algebra defined by the generators xi, . . . ,Xn and the single relation f. Let B be the 
k-algebra defined by the generators xi, . . . ,Xn, z and the potential w = fz. Then 

1) B is a skew polynomial ring over A in the generator z and defined by an automorphism 
of A, 

2) z is normal in B , that is Bz = zB , 

3) If f is alternate, then z is central in B. The converse holds if the characterictic of k is 

4) B is Koszul and 3-Calabi-Yau, 

5) the Hilbert series hsit) of the graded algebra B is given by 

hB{t) = (1 - (n + l)t + [n + l)t^ - t^)-\ 

5) the Gelfand-Kirillov dimension GK.dim(B) of B is finite if and only if n ~ 2, and in this 
case GK.dim(B) = 3, 

6) If k is algebraically closed of characteristic zero, B is left (or right) noetherian if and 
only if n — 2. 

When n — 2, the graded C- algebras B are classified in three types (Section 4 below): 
the polynomial algebra in x, y and z (classical type), the algebra of Theorem ll.il (Jordan 
type), a family of quantum spaces in x, y, z (quantum type). The second type is the one of 
interest for us, since it is well-known that the question (Q) has a positive answer in the first 
or third type (if the quantum parameter q is not a root of unity) . Hochschild homology in 
the quantum type can be deduced from Wambst's result {^\, Theoreme 6.1). 

When n — 2, the C- algebras B are AS-regular of global dimension 3, and it is important 
to notice that their invariants j (in terminology of [T]) are infinite, unlike Sklyanin algebras. 
The first type and the third type can be considered as limits of Sklyanin algebras by vanishing 
the parameter c used in [27], but such a process is not possible for the second type which 
appears really apart. 

Recently, Smith has given a detailed study of a remarkable algebra having seven gener- 
ators and defined in terms of octonions [24, . To avoid confusion with our notation, let us 
call C the Smith algebra. Actually, C does not belong to the class of algebras B defined in 
Theorem 1 1.21 since in characteristic zero C has no normal element except the elements of k 
([24], Proposition 11.2). However C has many properties in common with algebras B : C 
is Koszul and 3-Calabi-Yau, C is defined by an explicit potential, C is a skew polynomial 
ring over an algebra A in the last generator (but C is defined by a derivation of A, not an 



automorphism), and the single relation of A is symplectic in the first six generators. Suarez- 
Alvarez has obtained similar properties for a class of algebras containing C and defined from 
any oriented Steiner triple system |26j . It would be satisfactory to enlarge naturally the class 
of algebras B in order to include the Smith algebra C or more generally the Suarez- Alvarez 
algebras. 

2 A family of 3-Calabi-Yau algebras 

A down-to-earth approach of non-commutative projective algebraic geometry consists in 
studying graded algebras defined by generators (assumed to be of degree 1) satisfying some 
homogeneous non-commutative polynomial relations. Following this naive approach, the 
first class to study is certainly the class of non-commutative quadrics, i.e., the class of non- 
commutative graded algebras defined by a single quadratic relation. It is a bit surprising that 
this class can be used as a toy model (see [3J ) in order to introduce to several duality theories 
(Koszul duality, AS-Gorenstein duality and Calabi-Yau duality) playing a basic role in more 
sophisticated approaches. Throughout the paper, the algebras of this class will be denoted 
by A, sometimes A{f) or A{M) if we want to specify the naive non-commutative quadric 
which is just a quadratic relation / of matrix AI in the non-commutative generators. Our 
first goal will be to show that such an algebra A is the quotient of a quadratic graded algebra 
B defined by a potential depending on /. The study of the algebras B — B{f) — B{M) is 
the main purpose of this paper. 

Let us fix the notation. For n > 1, k{xi, . . . ,Xn) denotes the graded free associative 
algebra over a field fc, generated by xi, . . . , a;„ assumed to be of degree 1. Let us give a non- 
zero element / = X]i<i i<n fij^i^j homogeneous of degree 2 in this algebra, or equivalently 
a non-zero nxn matrix M = {fij)i<ij<n with entries in k. Then A — A{f) — A{M) denotes 
the quadratic graded algebra defined as the quotient of k{xi, . . . , x„) by the two-sided ideal 
generated by /. Let us recall the properties of A (see [3] for the proofs and for the definitions 
of Koszul, AS-Gorenstein or Calabi-Yau algebras). 

Proposition 2.1 Let A ~ A{f) ~ A{M) be as above. 

1) The quadratic algebra A is Koszul. 

2) The global dimension of A is equal to 2, except if f is symmetric of rank 1 (in this case, 
the global dimension is infinite). 

3) A is AS-Gorenstein if and only if f is non-degenerate. 

4) A is 2-Calabi-Yau if and only if f is non-degenerate and skew-symmetric. 

5) If the global dimension of A is equal to 2, the Hilbert series of the graded algebra A is 
given by 

hA{t) = (1 -nt + t^y^. 

Otherwise, one has 

hA{t) = {l-nt + t^ -t^ + t'^ y^. 

6) The Gelfand-Kirillov dimension GK.dim{A) of A is equal to if n = 1, to oo if n > 2, 
and if n = 2, it is equal to the global dimension. 

7) If k is algebraically closed of characteristic zero and if f is non-degenerate, A is left (or 
right) noetherian if and only if n = 1 or n = 2. 

Set F = k{xi, . . . ,Xn,z) where z is an extra generator of degree 1. We refer to [12l |6l [5] 
for more details on the definitions and basic properties concerning on algebras defined by a 
potential. The elements of Fcyc = F/ [F, F] are called potentials. The fc-vector space Fcyc is 



sometimes identified to the space of tlie cyclic sum.s c{a) wlien a runs over F. Let us define 
our potential as being the class w in Fcyc of w G i^ where 



W — J Z — y ^ J{j X^XjZj 
l<i,j<n 



or as being the cyclic sum 



l<i,j<n 

Let us denote by _B = B{f) = B{M) the algebra defined by this potential. This is the 
quotient of the free algebra F by the cyclic partial derivatives dx^iw), . . . Tdx^{w),dz{'w), 
where 

dxi{w) = ^ (/y XjZ + fji zxj), 1 <i <n, (2.1) 

l<j<n 

dz{w) - /. (2.2) 

So i? is a quadratic graded algebra. Let us prove that A is isomorphic to the quotient 
of B by z. Define the morphisms of graded algebras (p and ip by the commutative diagrams 



k{xi, 



\ can 



F — — - k{xi,...,Xn) 



A 



B/{z) 



B/{z) 



A 



The morphisms ipoip and ipoip leave the generators xi, . . . , x„ invariants, hence they coincide 
with the respective identity maps. Thus tp and "tp are isomorphisms of graded algebras, 
inverse to each other. In all the following, we abbreviate these isomorphisms by A = B/{z). 
The following lemma allows us to consider A as a quadratic subalgcbra of B. 

Lemma 2.2 The morphism of graded algebras A ^f B induced by the composite 



k[Xi, . . ■ , Xn) 



F 



B 



is injective. 



Proof. Any element a G fc(xi, . . . ,x„) belonging to the two-sided ideal of F generated by 
dxi{w), ■ . ■ ,dx„{w) has all its homogeneous components in z of degree > 1, hence a = 0. ■ 

Denote by Va and Ra (respectively Vb and Rb ) the space of generators and the space 
of relations of A (resp. B). One has Va = kxi © ... © fcx„, Ra ~ kf, Vb ~ Va (B kz and 

RB=={El<^<nk^xAy^))®RA■ 

Lemma 2.3 1) We have dim(i?B) > rk(M) + 1. 

2) In particular, if f is non- degenerate (i.e., M is invertible), then dimi?^ = n+ 1 and 
dxi{w), . . . ,dx„{w) are k-linearly independent in F. 

3) If f is non- degenerate, the element z is normal in the algebra B. It means that Bz — zB. 

Proof. Write down the relations dx {w) =0, 1 < i < n, as the linear system (in the space 
B) 



XlZ 



ZXl 



M 



-*M 



(2.3) 



with unknowns xiz, . . . ,XnZ viewed in B. Reducing this system to a triangular form pro- 
vides p = rk{M) equaUties in B beginning by p distincts pivots XiZ, so that these equahties 
viewed as elements of Rb are linearly independent. Hence the inequality in 1). This shows as 
well that if M is invertible, the elements xiz, . . . , x„z belong to zB, proving that Bz C zB. 
The opposite inclusion is obtained similarly by reading the linear system (2.3) from the right 
to the left. ■ 

It is also easy to deduce the inequality in 1) from the following relation 

dim(i?B(M)) ^rk{ M *M ) + 1, 

which is immediate from the following 

dxx{w) \ I xiz \ 

: = ( M *M ) : (2.4) 

dx„{w) J \ ZXn J 

where the latter column is formed by the 2n elements xiz, . . . , x„z, zxi, . . . zxn- Note that 
we have equality in 1) if M is symmetric or antisymmetric (not necessarily invertible), and 
for n = 2 and f = x\+ x\X2, the inequality is strict. 

Remark 2.^ Performing the basis change 

Xi 

P 



we see that (2.3) is equivalent to 

/ x[: 
M'\ : I = - *A'f ' I : | (2.5) 

where M' = ^PMP. 

Example 2.5 Assume that / is symplectic, i.e. non-degenerate and alternate. So n — 2p is 
even and we can choose generators xi, . . . , Xp, yi, . . . ,yp such that / = J2i<i<pi^iyi ~ Vi^i)- 
Then dxi{w) = yiZ — zyi and dy.{w) = zxi — XiZ for 1 < i < p. In this case, z is central in 
B and one has 

l<i<p 

where Ant{a, 6, c) denotes the antisymmetrizer of a, 6, c. 

We continue the study of the algebra B = B{f). Throughout the sequel of this section, 
we assume that / is non-degenerate. The proof of Lemma 12.31 shows that Az = zA is a 
sub-A-bimodule of B. Let Ta{Az) denote the tensor algebra of the A-bimodule Az (on 
tensor algebras of bimodules, see e.g. |15j, p. 485). The fc-algebra Ta{Az) is generated by 
A © Az, hence by xi, . . . x„, z. Define 

u : Ta{Az) -^ B 



the natural morphism of fc- algebras extending the inclusion A © Az ^t- B. The inclusions 
xi, . . . ,Xn ^^ A and z ^^ Az define a morphism of fc-algebras 

F^Ta{Az) 

factoring out the relations of B. Hence the morphism of fc-algebras 

v: B ^ Ta{Az) 

leaving fixed xi, . . . x„, z. Then v o u and u o v are morphisms of fc-algebras leaving fixed 
Xi, . . . x„, z. They coincide with the respective identity maps since the fc-algebras Ta{Az) 
and B are both generated by cci, . . . , x„, z. Thus u and v are isomorphisms, inverse to each 
other. The following lemma is crucial. 

Lemma 2.6 The left (resp. right) suh-A-module Az (resp. zA) of B is free generated by z. 

Proof. Let a G k{xi, . . . ,x„) be homogeneous of degree i > such that az belongs to the 
two-sided ideal of F generated by dx^ (w), . . . , dx„ (w), f. Our aim is to prove that a belongs 
to the two-sided ideal of fc(xi, . . . , x„) generated by /. Write 

az ^ ^ Xi^a.fs adx,{'w)l3 + ^ t^a.paffi, (2.7) 

l<i<n,a,PeM a,f)eM' 

where Ad denotes the set of (non-commutative) monomials in xi, . . . , x„ and Ad' is the union 
of Ad with the singleton {2;}, where Xi^a.p and ^a.fj are in fc, and where the sums are finitely 
supported. In the second sum, one has deg^ a -\- deg^ /3 = 1 where deg^ denotes the degree 
in z. Viewing the linear system (2.3) in the free algebra F and reducing it to the triangular 
form, we see that 2; in a or /? can be put on the right modulo the elements dx^ (w). Moreover 
the non-commutative Euler relation 

y^ dx,{w)xi+ fz= ^ Xidxiiw) + zf = c{w) (2.8) 

l<i<n l<i<n 

associated to the potential w shows that the z appearing in each aff3 can be put completely 
on the right modulo the elements dxi (w) . So we can write 

az ^ ^ \i,a,p aidxi{w)l3 + ( ^ fia,i3 afl3)z, (2.9) 

l<i<n,a,l3eM a.PeM 

by keeping the same notation for the coefficients. Denote by S the first sum. In order to 
conclude, it is sufficient to prove that S = 0. We have 

S= ^ {Xi,a,i3 fijaxjz/S + Xi^a^p fjiazxjP), (2-10) 

l<i,j<n,a,l3eM 

where dega + deg/3 = £ — 1 and deg denotes the total degree in xi, . . . , x„. 

From S = {a — ^^ b^m /^"./3 '^fl^ )-^' ^^ ^^^ going to deduce that the coefficients Xi.a,i3 
vanish inductively. Choose /? with the maximal degree £ — 1, so that a = 1. Since deg(xj/3) > 
deg(/3') for any a', /3' appearing in a term a'xkzfi' such that dega' -I- deg/3' — i — 1^ the 
coefficient of zXjP vanishes, hence X]i<i<n ^iA-f>fji ~ ^ ^^r j — 1, . . . ,n. As M is invertible, 
this implies that A^.i^^ = for i = 1, . . . , n. Thus we can remove all the elements A^^i.^ when 
degl3 = e-l. 

Next, choose (3 of degree £ — 2 and a of degree 1. By the same argument, the coefficient 
of azXj/3 vanishes, hence X]i<i<ri ^i.ajifji = for 7 = 1, . . . , n, and we conclude again that 

7 



all the elements Xi,a,p vanish when deg/3 = £ — 2. Continuing the process, we arrive to 
5 = 0. One proves similarly that the right A-niodule zA is free generated by z. ■ 



Lemma 12.61 has the following consequence: for any a ^ A, there exists a unique element 
(j{a) G A (resp. cr'(a) G A) such that za = a{a)z (resp. az = za'(a)). Clearly, a and 
a' are automorphisms of the fc- algebra A, inverse to each other. Now we are going to 
describe i? as a skew polynomial algebra with coefficients in A. It suffices to do it for 

Ta{Az) = ©^>„(Az)«-P. 

Lemma 2.7 The left (or right) A-module {Az)'^'^p is free generated by z'^-^p = z(^a- ■ -^AZ 
(p times) for any p > 1. 

Proof. Proceed by induction on p, the case p = 1 being obtained by Lemma l2.6l Assume that 
the left A-module (Az)®'*^ is free generated by z®^^. Then any element of (ylz)®'*(P+^) = 
{Az) (g)A (Az)®^^ is uniquely written a (g)^ (z®^^) [We use the basic fact: Let it! be a ring, 
M a left i?-module which is free of basis (e^), and N a right i?-module. Then any element of 
N®rM is uniquely written as a sum ^^ ni®Rei where the family (rii) is finitely supported]. 
Writing a = az, a & A, we have 

a ®A [z®""") = {az) ®A {z®^'') = a{z ®a z®^^) = az®^^P+^\ 

Hence the left A-module (Az)®-*(p+i' is generated by ^^-^(p+i) and, if az^-^^^+i) = then 
a = by uniqueness in the recalled result, thus a = by Lemma 12.61 We proceed similarly 
on the right. ■ 

Consequently, any element of Ta{Az) is uniquely written as a finitely supported sum 
Sp>o ^P^^ where Oi € A and where we set z^ = z^^p. The product in Ta{Az) is determined 
by the product in A and by the relations 

zPa^crP{a)zP, 

for any a G A and p > 1. We have obtained (on skew polynomial rings, see e.g. [7] p. 8-9). 

Proposition 2.8 For any non- degenerate f , the k-algehra B — B{f) is isomorphic to the 
skew polynomial k-algehra A[z; a] defined over the k-algehra A hy z and the k- automorphism 
a of A. 

The isomorphism B = A[z; a] is an isomorphism of graded algebras, knowing that A is 
graded and z has degree 1. For any non-zero element a = J2p>o o,pzP in B, its degree 
deg^(a) in z is the highest p such that Op ^ 0. One has deg^{az) = deg^{za) = deg^{a) -\- 1, 
so that z is not a zero-divisor in B. Moreover it is easy to deduce the Hilbert series of B 
from the Hilbert series of A: 

hsit) = ^. (2.11) 
Using Proposition 12. 11 we get 

hsit) = {1- in + l)t+{n+l)t^ -t^)-^ ifn>2, (2.12) 

hsit) = il-2t + 2t'^ -2t^ + ---)-^ ifn = l. (2.13) 



Proposition 2.9 For any non- degenerate f, the quadratic algebra B = B{f) is Koszul. 
The glohal dimension of B is equal to 3 if n> 2, to oo if n = l. 



Proof. The global dimension of the graded algebra B is immediately derived from the ex- 
pression (j2.12p or (|2.13p of its Hilbert series. According to a standard result on Koszul 
algebras [2), the Koszulity of B comes from the Koszulity oi A = B/{z) because the element 
z of degree 1 in B is normal and is not a zero-divisor (see also Example 1, p. 33 in [33]). ■ 

Assume now that / is non-degenerate and n > 2. The Hilbert series p.l2p of the Koszul 
algebra B shows that 

dim((i?B ® Vb) n {Vb Rb)) = 1. 

Since c{w) is an element of {Rb <E>Vb) Ci {Vb ® Rb) by the non-commutative Euler relation 
(P^ , one has 

{Rb ® Vb) n {Vb ® Rb) = k c(u;). 

Therefore the bimodulc Koszul complex of B is the following complex K^ 

— > B(Sk c{w) ® B ^ B ® Rb ® B ^ B ®Vb ® B ^ B ® B (2.14) 

and Kyj — > B is the Koszul resolution of B where ^ : B ® B ^ B \s the multiplication. To 
simplify notation, set Xn+i = z and r^ = dx^ {w) for i — l,...,n + l. Beside the cyclic partial 
derivative dx^ defined on Fcyc, there is the "ordinary" partial derivative ^- : F ^- F ® F 
(see [23) defined on any monomial a by 



da y—^ 

y u®v, 



a—uXiV 



dx 

which will be written as 

da sr-^ / 9a \ /9a 

dxi j-^\dxij^ V c>x.i / 2 
Then the differential of the Koszul complex K^ is given by 

di{xi) = Xi®l — 1® Xi, (2-15) 

d3{c{w)) = ^ Xj®rj®l-l®rj®Xj. (2.17) 

l<j<ra+l 

Theorem 2.10 For any non- degenerate f and for any n > 2, the algebra B = B{f) is 
3-Calabi-Yau. In other words, the potential w — fz is 3-Calabi-Yau. 

Proof. It sufhces to prove that the complex K^, is self-dual with respect to the functor 
{■)^ — HomB-B{ • ,B ® B) ([5], Lemma 3.7). Denote by E* the dual space of a fc-linear 
space E. It is easy to compute the complex K^: 

B ® B ^ B ®Vb ® B ^ B ® R*B ® B ^ B ® kc{w)* ®B — ^ (2.18) 

where the differential is given on the dual basis by 

d*i{^)= Y Xj®x*®l-l®x*®Xj, (2.19) 

l<j<n+l 



^^(O- E E(I^) ^^>('£-) (2-20) 

i<j<n+i 1,2 V<^^'/2 Vca;,/^ 

d*(r*) ^Xi® c{w)* ® 1 - 1 (g) c(w)* (g) Xi. (2.21) 

Define the diagram (in wliich. we liave omitted tlie symbols ®) 



(2.22) 



where the i3-bimodule isomorphisms fi are given by 

/o(l) = c{wr, /i(x,) = r*, hin) = X*, fsiciw)) = 1. (2.23) 

The diagram ()2.22p is commutative. In fact, it is immediate to check that the left square 
and the right square are commutative. Moreover the commutativity of the central square is 
a straightforward consequence of the following non-commutative Hessian formula [28] 

(2.24) 



B{kc{w))B A 


BRbB ^ 


BVbB -^ BkB 


hi 


f2i 


hi hi 


BkB^ 


BV^B^ 


BRgB -% B{kc{w)*)B 



dxidxj J dxjdxi 

where we set q^^q^ = '^°^xj and where r : F(g)i^ -> F(g)F is the flip. Thus / : K^ -^ K^ 
is a complex isomorphism, so that K^ is self-dual. ■ 

We complete the properties of i? = B{f) by the following. 

Proposition 2.11 Assume that f is non- degenerate and n > 2. 

1) B is AS-Gorenstein. 

2) If f is alternate, then z is central in B. The converse holds if the characterictic of k is 

3) The Gelfand-Kirillov dimension GK.dim(B) of B is finite if and only if n = 2, and in 
this case GK.dim{B) = 3. 

4) If k is algebraically closed of characteristic zero, B is left (or right) noetherian if and 
only if n — 2 . 

Proof. 1) It is an immediate consequence of the Calabi-Yau property ( 5 , Proposition 4.3). 

2) The first claim comes from Example 2.5. For the converse, if z is central in B, then we 
have in B the equalities J2i<i<nihj + fji)xjZ — for i = 1, . . . ,n. But the A-module Az 
is free, hence xiz, . . . XnZ are linearly independent in B, and we conclude that fij + fji = 
for any i and j. 

3) For n = 2, we have hsit) = {l — t)~^, hence GK.dim(i3) = 3. If n > 2, the polynomial 
1 — (n -I- l)t -I- (n -I- l)i^ — t^ has a real root between and 1, hence GK.dim(i3) = oo . 

4) If n = 2 and if k is algebraically closed of characteristic zero, the algebras A are 
classified (Section 4 below) and it is known that they are noetherian. Thus B = A[z; a] is 
noetherian by a standard result 7 . If n > 2, then GK.dim(i?) = oo, so we conclude that B 
is not (left or right) noetherian by using a theorem due to Stephenson and Zhang [5S]. Let 
us note that the equivalence in 4) can be deduced from the analogous equivalence for A (see 
7) in Proposition l2.11 which is proved by the same arguments as for B) and from a general 
result ([nj. Corollary 2.3). ■ 
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3 Classification of the algebras B 

The aim of this section is to classify the algebras B = B{M) up to isomorphims of graded 
algebras. Denote by A{y, R) the quadratic graded algebra defined by a space of generators 
V and a space of relations R (subspace oiV ® V). We write A{V,R) = A{V',R') if there 
exists an isomorphism of graded algebras from A{V, R) to A{V', R'). It is equivalent to say 
that there exists a linear isomorphism ip : V ^ V such that ((/? (g) (p) (R) — R' (this property 
is the definition of isomorphisms between two quadratic graded algebras given in [HI H]). 
When M G Mn{k), we want to classify up to isomorphism the graded algebras A{M) defined 
at the beginning of Section 2. Recall the result (0, end of Section 5) and how we get it. 
Two matrices M and N in Mn{k) are said to be cogredient if there exists P G GL„(fc) such 
that N = *PMP. 

Proposition 3.1 Let k be a field and n > 1. Let M and N he in Mn{k). Then A{M) = 
A{N) if and only if the matrices M and N are cogredient. 

Proof. Following the notation of the beginning of Section 2, let A{M) be the quadratic 
algebra defined as the quotient of k{xi, . . . ,Xn) by the two-sided ideal generated by /, 
where / = I]i<ij<„ fijXiXj and M = {fij)i<i,j<n- We have 



/-( XI ... Xn)M\ : , (3.1) 




where the matrix product is performed in the free algebra k{xi, . . . , a;„). Denote by V the 
vector space of basis (a;i, . . . , Xn). The isomorphism class of A{M) is identified to the class 
of the algebras 

fc(xl,..., <)/(/') 

where {x[, . . .x'„) is a basis of V and /' is deduced from / by replacing xi, . . .Xn by their 
linear expressions in the basis {x'l, . . . , s'J, so that one has 




/' = ( xi ... < ) 'PMP I : I , (3.2) 

x„ 

where P e GLn{k). Let A{N) — k{x[, . . . ,x^}/(F) be another algebra defined by 

( "' \ 

F={ x[ ... x:,)n\ : , (3.3) 



where x'l, . . . ,x'^ can be considered as forming a basis of the same space V. Thus A{M) = 
A{N) if and only if A^ = *PMP where 




Now we are interested in the classification of the graded algebras B up to isomorphism. 
We shall prove that this classification is the same as for the algebras A. Keeping the algebra 
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A{M) as above, we define the quadratic algebra B{M) by the potential w = fz as at the 
beginning of Section 2. The isomorphism class of B{M) is identified to the class of the 

A • B{M) := k{x[, ..., x'J/{{d,, (w)Y, ..., (a.„H)', /'), 
where A S GLn+iik) is such that 



( '"' ] 




( ^1 \ 


\ ^ ) 


= A 


< 



and the relations of A • B{M) are those of B{M) expressed in the basis (x^, . . . , x'^, z') and 
denoted with a prime. 



Lemma 3.2 If A ^ 

B(*AMA). 
Proof. From 



A 
A 



where A G GLn{k) and A G k^ , we have A • B[M) 



I xi 



\ •^n 



A 



and z = Az' and using (|2.4p . we obtain 

(a.„H)' / 



*A 



(3.4) 



and the equality p.2p holds with P = A. Thus the spaces of relations of A • B(M) and 
B{ *AMA) (considered in the same generators x'l, . . . ,Xj^, z') are equal. ■ 

Theorem 3.3 Let k be a field and n>l. Let M and N he in Af„(fc). Then B{M) = B{N) 
if and only if M and N are cogredient. In other words, the isomorphism classes of the graded 
algebras B{M) when M G Mn{k) are in bijection with the orbits in Mn{k) of cogredient 
matrices, i.e. the orbits relative to the action of Gln{k) given by (P, M) i— >■ *PMP. 

Proof If A^ = *PMP with P G GL„(fc), the conclusion B{M) = B{N) comes from Lemma 
[321 applied to A = P and A = 1. Conversely, assume now that B{M) ^ B{N). If M = 
0, then A^ = 0, so we assume also that Af ^^ and N j^ 0. If the isomorphism (p : 
B{M) — J> B{N) of graded algebras is such that ip{kz) = kz', then ip factors out to produce 
an isomorphism A{M) — )> A{N) of graded algebras, and Proposition 13.11 shows that M and 
A'^ are cogredient. However the condition ip{kz) = kz' does not have to be verified, so that 
we shall proceed differently. 

Define B{M) over the generators xi,...x„,z by the potential w — fz as above. For 
^ = (Ay)i<i,j<n+i € GLn+i{k), define A • B{M) over the generators x[,. . . , x'„, z' as above. 
Define B{N) over the generators x[, . . . , a;^, z' by the potential W = Fz' where F is given 
by (|33| . Then A • B{M) = B{N) means that the space of relations i?' of A • B{M) coincides 
with the space of relations S of B{N). One has 



R'^iY. ikd..My)(Bkf', 



l<i<n 
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S^iY^ kd.^'^{W)) (S kF. 

l<i<n 

Clearly, R' has the same dimension as Rb(m)- Recall that the latter dimension is equal to 
rk(^ M *M ) + 1- Proceeding in three steps, we prove the following claim. 

Claim. If R' — S, then A/ and N are cogredient. 

First step. If the claim holds for B{N) defined by the potential F, it holds for any po- 
tential iiF where fi ^ k^: it suffices to replace z' by fiz' . 

Second step. The claim holds for any invertible (n + 1) x (n + 1) matrix A such that 

A = I j where A £ Gi„(fc) (this assumption is essential for the proof). In fact, 

from 

X=( A c]y' 



where *X — (^ xi ... Xn ) and *y — (^ x[ ... x'^ •^' )' ^^"^ from the expression 
(|3.ip of /, we obtain 

/' = *r' { f^'l f^'' ] Y'. (3.5) 

Therefore, /' modulo z' is equal to *X'{*AMA)X', where *X' = { x[ ... x'^ ) . One 
has R' /{z') — S/{z') = kF and since /' modulo z' does not vanish because A is invertible 
and M y^ 0, F is proportional to /' modulo z'. One can even assume that F is equal to /' 
modulo z' by the first step, thus N = *AMA. 

Third step. If the claim holds for the matrices Ai and A2, it holds for the product A2A1. 
Therefore, since any invertible matrix A can be written as a product T1PT2 (Bruhat decom- 
position) where Ti and T2 are upper triangular (for which the claim holds by the second 
step) and where P is a permutation matrix, it remains to solve the case where A is a per- 
mutation matrix, not leaving z' fixed (by the second step). Actually, it suffices to examine 
the case of a transposition exchanging z' with another generator which can be assumed to 
be x'l (by the second step). Performing the basis change 

X\ — Z , X2 — X'2 , ■ ■ • 5 Xrfi — Xy^ , Z — X-^ 

in /, we obtain 

/' = /ii^"+ E {h,z'x'^ + i,ix'^z')+ Y. h'^i^i- 

2<j<n 2<i,j<n 

Assume that /' does not vanish modulo z' and show a contradiction. In fact the equality 
R'/{z') = kF implies that F = J22<ij<n fij^i^'j (using the first step). Since the space R' 
has the following generators 

{dx,iw)Y = fiiz'x[ + ,fiix[z' + Y ifij^'j^'i + fji^Wj), '^ <i <n, 

2<j<n 

/' = /ii^"+ E ifij^'x',+fjix'^z') + F, 

2<j<n 
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the equality R' /{z') — kF implies that any element ^2<i<ni-fij^'j^'i + fji^'i^'j) i^ P'"c>- 
portional to F, hence vanishes {x'l does not occur in F). Therefore /^ — whenever 
2 < i,j < n, which contradicts F 7^ 0. 

Thus /' vanishes modulo z' and we have /^ — whenever i 7^ 1 and j 7^ 1 . Consequently, 
the space R' has the following generators 

(9,, (u;))' = /n(zVi + x'^z') + ^^ (/i.x^a;; + Jjix'^x))^ 

2<j<n 

{dx,{wjy = fiiz'x[ + fiix[z', 2<i<n, 
/' = /ii^"+ Y. ihjz'x'^+fjix'jz'). 

2<j<n 

Viewing R' modulo z' and using the first step, we get that F — '^2<i<n(f'^j^'i^i '^ fj'i-^i^'i)^ 
and S has the following generators 

dx',{W)^ Y, ifijz'x'^+f.ix'^z'), 

2<j<n 

dx'^{W) = fiiz'x[ + fiix[z', 2 <i <n, 

2<j<n 

Now the assumption R' = S shows that fuz'"^ belongs to S*, hence /n = and necessarily 
n is > 2. Therefore N = *M with 



M = 



/ fl2 ... fln\ 

/21 ... 



\ fni ... y 



and in this case we have R' — S. Clearly r — rk{M *M) is equal to 2 or 3. We are going to 
find an invertible matrix P such that N — ^PMP in both cases. To simplify the notation, 
we shall write /i_i for /li, and gi-i for /^i, for all 2 < « < n, so that 



M- I * 



vi 

V2 



where wi := (/i,...,/„_i) e fc" ^ and W2 := (51, • • • :3«-i) e fc" ^ 

First case: r—3. 

In this case, the vectors wi £ fc"~^ and V2 G fc"~^ are linearly independent, so that there 

exists a invertible matrix Q G GLn-i{k) interchanging these two elements, i.e., satisfying : 

Q*vi = *U2, and Q*V2 = *wi. 

We then consider the matrix P G GLn(k) given by: 

1 



^" ' *o 

and it is easy to see that it satisfies *PMP ~ *M. 
Second case: r=2. 
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In this case, the vectors vi and V2 are hnearly dependent, and for aU 1 < i, j < n — 1, one 
has fiQj — fjQi. We shaU proceed by induction on n > 2. 

If n — 2, then M — \ } \ and the matrix -P = ( _, „ I satisfies the desired 



31 ; V 1 

property: ^PMP = *M. 

Now, suppose that n > 3 and that for every matrix of the form 



M'=(,0, ;i)eM„_i(fc) 



where v'^ :=G fc" ^ and V2 G fc" ^, there exists a matrix P' G GLn-i{k) satisfying 
tp'M'P' = *Af '. Let now 

M.(4 ;^)GM„(fc) 

where vi :— (/i, . . . , /n-i) G fc"^-^ and W2 := (.91, • • • ,.9ri-i) G fc"^"^. Now, three cases have 
to be considered: /„-i = gn-i — 0, or gn-i ~ and /,i-i 7^ 0, or .g„-i 7^ 0. 

1. First, let us suppose that /„_i = gn-i = 0, then, by induction hypothesis, there 
exists a matrix P' G GL„_i(fc) satisfying *'P'M'P' = *M', where M' is the truncated 
(n — 1) X (n — 1) matrix: 



M' = 



/ /i . . . /„_2 \ 
gi ... 



V 3n-2 . . . y 



/ P' \ 
and it is clear that the matrix P — [ 1 G GLn{k) satisfies *PMP — *M. 

2. Now, let us assume that .g„-i = and /,i-i 7^ 0. Note that in this case, one has 
necessarily 5^ = for all 1 < fc < n — 1. It is then straightforward to verify that P 
given by: 

/O ifl/fn-l) ■■■ {.fn-2/.fn-l) 1\ 

P=\ Idn-2 GM„(fc) 

V 1 i-hlfn-l) ■ ■ ■ {-.fn-2/fn-l) / 

is invcrtible and satisfies *PMP — *M. 

3. If however gn-i 7^ 0, then an analogous computation as before shows that the matrix 
P given by: 

(0 (gi/gn-i) ■■■ {gn-2/gn-i) 1 

Idn-2 I GM„(fc) 

1 (-5i/.9«-i) • • • (-gn-2/gn-i) 

is invcrtible and satisfies *PMP = *M. ■ 
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4 Special properties of B{M) when n = 2 

Throughout the sequel of this paper, we assume that k — C (actually, it would be suffi- 
cient to assume that k is algebraically closed of characterictic zero). An explicit parameter 
space for the GL{2, C)-orbits of cogredient matrices in GL{2, C) is given by Dubois- Violette 
in [llj . According to the previous section, this parameter space forms a "moduli space" for 
the algebras B{M) when M runs over GL(2,C). Recall the description in three types of 
this parameter space as stated in ([H], end of Section 2). In each type, we give the poten- 
tial w and the relations of B{M). The generators are denoted by x, y and z. The types 
depend on the rank rk of the symmetric part s{M) = \{M + *A/) of M. It turns out that 
the corresponding algebras A{M) are exactly the AS-regular algebras of global dimension 
2 [T]. Therefore the three types classify the AS-regular algebras of global dimension 2 as well, 
and we have kept the same standard terminology for the classification of our algebras B{M). 

First type (classical type): rk = 0. There is only one orbit, which is the orbit of M = 
One has w — {yx — xy)z. The relations of B{M) are the following: zy = yz, 



1 

xz = 2x, yx = xy. Hence B{M) — C[a;, j/,z] the commutative polynomial algebra. Note 
that it is the unique orbit such that z is central in B{M) f Proposition 12.11"]) . or such that 
A{M) is Calabi-Yau (Proposition [1?T|). 

Second type (Jordan type): rk = 1. There is only one orbit, which is the orbit of M — 
_ ) . One has w = (yx — xy — x^)z. The relations of B{M) are the following: 

zy — yz + 2xz, xz — zx, yx — xy + x'^ . 

Third type (quantum type): rk = 2. The orbits are parametrized by the set {q E C \ 

{0,l}}/{q ^ q^^). These are the orbits of Af = I _. i. 1. Onehas w — {yx — q^^xy)z. 

The relations of B{M) are the following: xy — qyx, yz = qzy, zx — qxz. So B{M) is a 
quantum space. 

Proposition 4.1 For any M G GL(2,C), the algebra B{M) is a quadratic AS-regular al- 
gebra of global dimension 3, of type A non-generic (following the classification of Artin and 
Schelter llj). For any M in the list of the above classification, {x'^y-' z'')i>Qj>o^k>a is a basis 
of the vector space B{M). 

Proof. According to Proposition l2.11[ B{M) is AS-Gorenstein with a finite Gelfand-Kirillov 
dimension, hence is AS-regular by definition. Since B{M) is Calabi-Yau (Theorem 12. lOp . 
B{M) is of type A ([5], Proposition 5.4). Moreover, B{M) is a skew polynomial ring over 
A(M) in z (Proposition 12. 8|) and it is clear from each relation / listed above that A{M) is 
a skew polynomial ring in x, y. Therefore B{M) is a skew polynomial ring in x, y, z (hence 
the basis of monomials x'y-'z'^), thus the invariant j oiB{M) is infinite ([1], Theorem 6.11). ■ 

Among the AS-regular algebras of type A, the generic ones correspond to a finite invariant 
j and are called Sklyanin algebras [27]. Recall that Sklyanin algebras are defined by three 
generators x, y, z, and three relations ayz -\- l3zy -f jx^ — 0, azx -f l3xz -\- 7?/^ = 0, axy -{- 
/3yx -\- 7z^ = 0, where (a : /? : 7) 6 P^ \ £■ and 

S* = {(a : /3 : 7) e F^;a^ ^ P^ = 7^} U {(1 : : 0), (0 : 1 : 0), (1:0: 0)}. 
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So the algebras B{M) of the first or third type can be considered as limits of Sklyanin 
algebras by vanishing the parameter 7, but such a process is not possible for the second 
type. 

In the classification of their quadratic regular algebras of global dimension 3, Artin and 
Schelter define the invariant j as the invariant of a certain cubic curve C in P^. As we 
shall see, the equation <^ = of C is easily deduced from the potential w of B{M). More 
importantly, we shall interpret (j) as a. Poisson potential whose associated Poisson bracket 
(defined as usual by V(/)) is exactly the semi-classical limit of B{M) viewed as a deformation 
of C[x, y, z]. Let us begin by the description of the curve C as in pQ. 

To avoid confusion with our notation, let us replace the notation M, w, Q used in [ll| by 
M,W, Q. The 3x3 matrix M is defined by 



(4.1) 



so that we have 



M = 




The element W is defined by W = XM *X, where X = (^ x y 2 ). From (|4.1|) and the 
non-commutative Euler relation p.Sp . we deduce that 

W = c{w), (4.2) 

that is, W is precisely the potential W once identified to its cyclic sum. The matrix Q is 
defined by XM = ( d^{w) dy{w) f ) *Q. Then ([211) implies that Q is equal to the 
identity matrix and we recover the fact that B{M) is of type A (by definition). 

Next, define the subvariety C of P^ by its equation SiyV) — 0, where SiW) denotes 
the symmetrization of the element W. The symmetrization consists in replacing products 
of variables in the free algebra by the same products in the polynomial algebra. In our 
situation, S{yV) = 'iS{w) — 3S{f)z. Set — S{f)z. The above classification in three types 
allows us to limit ourselves to the following matrices 

^=1" ? n V MO, (4.3) 



so that 

w = (ax^ -I- bxy + yx)z, (j) — {ax^ + {b + l)xy)z. (4.4) 

In the classical type, one has C = P^, and otherwise C is the union of three straight lines 
whose two ones coincide in the Jordan type. 

Definition 4.2 The polynomial (j) = (j^i-^'^) *■* called the Poisson potential associated to the 
algebra B{M). 

This definition will be more natural when B(M) will be viewed as a Gerstenhaber deforma- 
tion whose Poisson bracket {•, •} will be defined on C[a;, y, z] by the formulas 

d(j} del) d(j) 

ip I. .X - 9±_a_ . _a_ , d±a_ . d_ ,d±_d_ . _§_ 

i-e., 1 , f — Oz dx '^ dy ~'~ dx dy '^ dz "•" dy dz '^ dx' 
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Definition 4.3 The so-defined Poisson bracket {•,•} is called the Poisson bracket derived 
from the Poisson potential (p. 

It is clear that (/) belongs to the Poisson center of {•, •} (because {x, 0} = {y, </>} = {z, 0} = 0), 
i.e., (/) is a Casimir element of the Poisson bracket. In the classical type, {•, •} = 0. For the 
other types, the next proposition shows that the Casimir element cj) lifts to a non-zero 
element <& of the center of B{M). Note that the potential w lifts <j> in the free algebra, but 
w vanishes in B (it is a difference with Sklyanin algebras for which the potential w does 
not vanish in the algebra). Note that c{w) always vanishes in the algebra according to the 
non-commutative Euler relation (EI 



Proposition 4.4 The element $ of B{M) defined by 

$ = (ax^ + {b + l)xy)z 
belongs to the center of B{M). 

Proof. The relations of B can be written as follows zy — (—a + j:)xz — byz, zx ~ ~-rXz, 
yx — —ax"^ — bxy. These relations allow us to decompose the elements x^ and ^x in the 
basis (x*y-'z'^)i>oj>o,fe>o of B. The computations are straightforward and they show that 
x^ — ax^z -I- (6 -I- l)x'^yz — $x. In the same manner, we get y^ — a^{b — l)x^z + a{b^ — b — 
l)x^yz — b{b + l)xy'^z = $y and z$ = ax'^z^ + {b + l)xyz'^ = $z. ■ 

We are now interested in the comparison between the Hochschild homology of B{M) and 
the Poisson homology of (C[a;, y,z], {■, •}). In the classical type, the Hochschild homology 
of C[x,y, z] is well-known and coincides with the Poisson homology for the corresponding 
{■, ■} (vanishing everywhere in this case). As proved in the next proposition, it is the same 
for the quantum type if q is not a root of unity. We are grateful to Wambst for the explicit 
formulas of Hochschild homology. 

Proposition 4.5 Let q be a non-zero complex number which is not a root of unity. Let B 
be the C-algebra defined by the potential w = {yx — q~^xy)z, i.e. defined by the generators 
X, y, z, and the following relations 

xy = Qy^i yz = Q^yi ^^ = qxz. 

Let S = <C[x,y,z] be the polynomial <C-algebra in x, y, z, endowed with the Poisson bracket 
derived from the Poisson potential (f) — {1 ~ q~^)xyz. Denote by Z — C[xyz] the subalgebra 
of S generated by xyz. Then the Hochschild homology of B is isomorphic to the Poisson 
homology of S and is given by 

HHoiB) ^Z® xC[x] © yC[y] © zC[z], 

HHi{B) = {{C[x] © yzZ) (g) x) © ((C[y] © xzZ) © j/) © ((C[z] © xyZ) (g) z), 

HH2{B) = [xZ (g) (y A z)) © {yZ © (z A x)) © [zZ © (x A y)), 

HHz[B) ^Z©(xAyAz), 

HHp\b) = for any p > 4. 

Proof. On one hand, setting xi = x, X2 = y, x^ = z and applying Theoreme 6.1 in [29], we 
obtain 

HHp{B)= x"©x^ 

0e{o,i}^,l^l=p aew-\a+i3ec 
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where C — {a — (ai, 02,03) G N^; a^ = or YiKjolij' ~ ^l- ^^ usual, one has qa = 1 
and qji = q~^ . For our quantum space J3, we have qn = 523 = 931 = (?, so that we get 
C = N(l, 0, 0) U N(0, 1, 0) U N(0, 0, 1) U N(l, 1, 1). The result for HHp[B) follows easily. 

On the other hand, the Poisson bracket derived from the potential xyz is diagonalizable 
in sense of Monnier, and the Poisson cohomology is computed in 20 . Moreover, the duality 
HP'{S) = HP^_,{S) holds a priori, because a Poisson bracket deriving from a potential, 
is always unimodular, i.e., its modular class vanishes (see the definition of the modular 
vector field (and its class) in [21], which is called the curl vector field in [TD])- Recall the 
definition of the Poisson homology complex of S, associated to a Poisson bracket {•,•}. 
First, the space of Poisson 1-chains is the S'-module of Kahler differentials of S, denoted 
by i^^{S) and generated, as an S'-module by the three elements dx, dy, dz. Then, for 
p S N* , the S'-module of Kahler p-differentials is the space of Poisson p-chains and is given 
by nP{S) = A^ n^{S). Of course, one has rjP(S) = {0}, as soon as p > 4. Next, the Poisson 
boundary operator, Sp : ilP{S) -^ ri^^^(S), called the Brylinski or Koszul differential, is 
given, for Fq, Fi, . . . , Fp G S, by (see ^): 

p 
Sp{Fo dFi A • • • A dFp) = ^(-l)*+i{Fo, F,} dFi A ■ ■ ■ AdF, A ■ ■ ■ AdFp 

i=l 

+ Y^ {-iy+^Fod{F,,Fj} AdFiA--- AdFiA--- AdFj A--- AdFp, 
i<i<j<p 

where the symbol dFi means that we omit the term dFi. The example 2.4 (i) of [10], then 

gives: 

HPo{S) ^Z ® xC[x] © yC[y] © z<C[z] 

HPi{S) ^ ((C[a;] © yzZ)dx) © {{C[y] © xzZ)dy) © {{C[z] © xyZ)dz) 

HP2IS) = {xZ © {dy A dz)) © {yZ (g) {dz A dx)) © {zZ ® {dx A dy)) 

HPsls) = Z®{dxAdy A dz) 

HPp{S) = Ofor anyp>4. 

It is now clear that the Poisson homology vector spaces of S are isomorphic to the 
Hochschild homology vector spaces of _B. ■ 

We have seen that the duality HP'{S) = HP3^,{S) holds since the Poisson bracket 
derives from a potential. Since B is 3-Calabi-Yau (Theorem I2.10|) , one also has the duality 
HH*{B) = HHs-,{B). In particular the center of the algebra B is the polynomial algebra 
generated by the element $ of Proposition 14.41 i.e. generated by xyz. 

5 Poisson homology and Hochschild homology for the 
second type 

In this section, the field fc is C and n = 2. The aim of this section is to prove Theorem II. II of 
the Introduction, i.e., to determine the Hochschild homology of the algebra B of the second 
type (Jordan type): 

B ~ C{x, y, z) /{zy = yz + 2xz, zx = xz, yx = x + xy). 

Let us recall the notation: / — x'^+xy — yx, w — fz, ri — dx{w), r2 ~ dy{w) and r^ = dz{w). 
We have 

ri — xz + zx + yz — zy, r2 = zx — xz, r^ = x"^ + xy — yx. 
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In order to obtain the Hochschild homology of B, we will first see B as the deformation 
of a Poisson algebra for which we will determine the Poisson homology. To do this, let us 
consider the filtration F oi B given by the degree of y. In other words, for this filtration, 
the degree of y is 1 while the degrees of x and z are 0. It is clear from the relations of B 
that grp{B) ~ C[x,2/, z]. So the filtered algebra B is almost commutative [Ml. Moreover, 
grp{B) is equipped with the Poisson bracket defined by: 

{z,y}^2xz, {z,x} = 0, {y,x}^x'^, (5.1) 

which is the Poisson structure derived from the Poisson potential (f) — —x^z. In the sequel, 
we will denote this Poisson algebra by T = (C[a;, y, z], { , }). 

From the Koszul resolution Kt,, (|2.14l) . we easily get the following Koszul complex B®b' 
Kyj associated to B (where we have omitted the symbols ®): 

-^ B{Cc{w)) A BRb ^BVb^B^O 

where c{w) = x'^z + xzx + zx'^ + xyz + yzx + zxy — yxz — xzy — zyx eaid where the differentials 
are given, for a ^ B, by: 



while 



di {a® x) = [a, x] = ax — xa, di {a®y) — [a, y] , di (a® z) = [a, z] , 

d2{a®ri) = {za + az) ® a; + {za — az) ®y+ {ax + xa + ay — ya) ® z, 
d2{a ® ^2) = {az — za) <S) x + {xa — ax) (^ z, 
d2{a®r^) ~ {xa + ax + ya ~ ay) ® x + {ax — xa) (g> y, 



and 



d^{a ® c{w)) = [a, x]®ri + [a, y]®r2 + [a, z] (g) ra. 

This complex computes the Hochschild homology HH,{B) of B. Notice that one can natu- 
rally identify the spaces of chains of this complex with B or B^ . Indeed, one can write 

B{Cc{w)) ~ B, while BRb ^ B^ and BVb ^ B^, (5.2) 

by identifying, for any ai, 02, 03 G B, the clement ai ® ri + a2 ® r2 + a^ (E> r^ G BRb or the 
element ai ® x + a2 ® y + a^ ^ z G BVb with (oi, 02, 03) G B^. 

In the previous section, we have recalled the definition of the differential 6 of the Poisson 
homology complex. The Poisson chains are given by the Kahler differentials. The T-module 
of Kahler differentials of T is generated by the three elements dx, dy, dz, so that we can 
naturally identify an element Fidx+F2dy+F3dz G Q^{T) with the element (Fi, F2, F3) G T^. 
Similarly, an element Fidy A dz + F2dz A dx + F^dx A dy € rt^{T) can be identified with 
the element (^1,^2,^3) G T^, and an element Fdx A dy A dz G fl^{T) with the element 
F Q T. (Notice that in the following we will either write an element in T^ as a row vector 
or a column vector.) 

Using the previous identifications, the Poisson homology complex of the Poisson algebra 
T can be written as: 

T -^^ t3 ^^ T^ -^^ T 

with the differentials given, for F G T, and F := (^1,^2,^3) G T^, by: 

Ji(F) = V(/) ■ (V X F) == Div(F X V0), 

52{F) = -V(F • V0) + Div(F)V(/), (5.3) 

53.{F) = -VF X V(/), 
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where Div(F) = ^ + ^ + ^eT, while, for ah element G £ T, we write VG := 
(w' W' w) ^ -^'^' ^® ^^^^ h^'^^ respectively denoted by •, x and Vx, the usual inner and 
cross products in T^ and the curl operator. Note that V^ = (— 2xz,0, —x^). 

As in B, we assume that in Vb, Rb and c{w), y has degree 1 while x and z have degree 
0, so that we can consider the total filtration degree in B®b' Kyj. In Proposition 15 . 2 1 below . 
we show that di, 6,2 and d^ have degree —1 for the total filtration degree. So B ^b" Kyj 
will be a filtered complex (with differentials preserving the degree) for the following shifts 
on the total filtration degree: 

-^ B{£c{w)){i) A BRb{2) a BVb{1) A B ^ (5.4) 

whose filtration is still denoted by F . In the same proposition, we show that grp{B®B<' K^,) 
is identified to the Poisson homology complex of the Poisson algebra T. The next lemma 
will be useful. 

Lemma 5.1 For all fc G N, the following identities hold in B: 

yx'' ^ x'^y + kx''^'^, z'^y :^yz'' + 2kxz'', (5.5) 

while 

and 

*L 1,1 

zy''^J2(k-£ + l)-x'^-Yz- (5.7) 

1=0 ^■ 

Proof. Straightforward by induction on fc G N. ■ 

Proposition 5.2 Let us consider the filtration F on the algebra B , given by the degree in y. 
Then the differential of the Koszul complex B (^B" Kw has degree —1 for the total filtration 
degree. Moreover, the graded complex associated to the filtered complex |5.^[ j is isomorphic 
to the Poisson homology complex of the Poisson algebra T . 

Proof. As we have already seen, grp{B) ~ T. As the monomials x'^y^z^, with i,j,k G N, 
form a C-basis of B (Proposition UTT]) , the identifications of the spaces of Hochschild chains 
with B or B^ and their analogs for the spaces of Poisson chains with T and T"^ show that 
the spaces of Hochschild and Poisson chains are isomorphic. Let us begin to compute the 
images of de in the basis {x^y^z''). 

Let i,j,k G N. By definition of di, we have di{x^ y^ z'' ® x) — x^y^xz'' —x^^^y^z'^. Using 
formula (|5.6p . this gives: 

i-i ., 
diix'y^z'' (S)x) = Y^ ^-x'+^-^+^y^z^. (5.8) 

t=o 

From di{x^y^ z'' ®y) = x^y^ z'^y — yx^y^ z'^ and (15.51) . we get 

diix'y^z'' «) y) = 2kx'-y^xz^ - ix'^^y^z^, 

which, with (15.61) . gives: 

j-i ., 
diix'y^z'' (g) y) = (2fc - i)x'+^y^z'' + 2k^^-x'+^-^+^y^'z^ . (5.9) 

t=o 
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From di{x^y^ z^ ® z) — x^y^ z^^"^ — x'^zy^ z^ and (|5.7p . we get 

diix'y'z'' ®z) = ~J2(j ~e+iy-x'+'-^y^z''+\ (5.10) 

We now compute the elements d2{x^y^ z'^ ®ri), where 1 < ^ < 3. By definition, d2{x^y-' z^ ® 
ri) = {zx'^y^ z^ + x^y^ z^'^^)(i()x+{zx^y^z^ — x^y^ z^'^^)()()y+(x^y^ z^x + x'^'^^y^ z^ + x'^y^z^y- 
yx^y^ z^) (E) z. Using the relations of B together with (|5.5p . (|5.6I) and (|5.7p . we get: 



= hx^yiz'^+^+J2U-l+l)ta 



Mx'y'z'' ® n) = ( 2x'y^z''+^ + Y^{j -£+ l)tj;^+3-iyiz''+^ ) ,g, ^ 



^(j - ^ + l)^x'+-'"-^/^^+i ) J/ (5.11) 



£=0 



e\ 



+ [{2k-i + 2)x'+'y^z'^ + i2k + l)J2j^ 



iZl-T^i+J-^+^/rfe 



e=o 



X ■' y z \ (^ z. 



Next d2{x'^y-' z^®r2) — {x^y^ z^^^ — zx^y^ z*')®x+{x^^^y^ z*' — x^y^ z^x)®z, which, according 
to (|5.7p and (|5.6p . can be written as: 

d2{x'fz^ ® ra) = [ - ^(j - £ + l)^^x'+^-'y^z''+^ J ® x 



^^^^+.-^+i/,M^z. (5.12) 



\ fco / 

Similarly, from d2(a;*j/''z'^ (gjra) = {x^^'^y^ z^ ~\-x'^y^ z^x + yx^y^ z^ —x'^y^ z^y)®x+{x^y^ z^x- 
x^+'^y^ z^) ® y, we have 

J2(a;'?/^'^'''8)r3) = [ (i + 2-2/c)x'+iy^z'= + (l-2fc)^^a:'+^'+i-^/zM 0a; 









+ (E^^^^'^'"V^M®y- (5-13) 

Finally, let us look at ^3. By definition of ^3 and according to previous computations, we 
get 

d3{x^y^z'^ (g) c{w)) = {x^y^z'^x — x'^'^^y^ z^) ®ri + {x^y^ z'^y - yx^y^z'') (g) r2 
+ (a;*y'z''+^ - zx'^y^ z^) ® r^ 



I Y^ J^^'^^^^ ^y^^'' I «) ri + {x'y^z^y - yx'y^ z^) ® ra 
+ (-Y^{j-i+l)'lx^+=-'/z^+^\ ®r,. 
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It remains to use (|5.5|) to obtain: 

dsixY z'' (E> ciw)) = l^^x^+J+i-^y^zM ®ri 



^£=0 



J-1 ., 



{2k - i)x'+^y^z'' + 2kJ2 j^x'+^+^-^y'^z'' (g> rs 






'-' ,-| 



-^(j-^+l)^a;*+-'"^y^2'=+i (^rg. (5.14) 



7! 



Thus the so-obtained formulas show that the differential di has degree —1 for the total 
filtration degree. It remains to show that the images of grpidi) are equal to the images of 
5i in the basis {x'^y^ z^). Let us compute the images oi Sg, \ < i < 3. The computations are 
now considered in T = C[a;, y, z]. According to (|5.3p . we obtain easily: 



= ]x'+^y^-'z\ 






Comparing these formulas to (|5.8p . (|5.9I) and (|5.10p . we see that 

grpidiix'y^z'' (E)x) = 6i{x''y^ z'^dx), 
grpidiix'y^z^ ®y) = di{x'y' z'^dy), 
grpidiix^y^z'' (g) z) = di{x^y^ z'^dz). 

Also according to (|01) . we compute (with the identifications rt'^{T) ~ T^, fi^^T^) ^ 7-3 
and ri'^(r) ~ T, explained above) 

(/ x'^y'z^ \ \ ( x'^y^z^ 

• V0 + Div I V(/) 

2x'y^z^^^ 
(2fc - i + 2)x^^^y^z^ 
which can also be written as: 

52{x'y^z^dy A dz) = {2x'y^ z''+^)dx + {2jx'+^y^-^z^+^)dy + {{2k - i + 2)a;*+i2/^z'')dz. 
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Similarly, we have 



52{x'y'z^dzhdx) = -V ( ( x'yH^ I • V(/) I + Div I x^y^z^ | V(/> 

-2jx'+^y^-^z^+^ 



-jx^^'^y^^^z'" 

{-2jx'+^y^-^z''+^)dx + {-jx'+^y^-^z'')dz, 



while 



62(x''y^z''dx Ady) 



i + 2- 2k)x^+^y^z'' 



{{i + 2- 2k)x'+^y^z'')dx + {jx'+'^y'-^z^)dy. 



The above formulas, together with the formulas (|5.1ip . (|5.12p and (|5.13p and under the 
identifications explained in (|5.2p show that: 

grF{d2{x''y^ z^ ®ri)) ~ 62{x'y^ z'^dy A dz), 
grF{d2{x''y^ z^ ®r2)) ~ 62{x'y^ z'^dz A dx), 
grF{d2{x''y^ z^ ®r^)) ~ 52{x'- y' z^ dx A dy) . 



Finally, 



j ^1+2 yi l^k 



Ssix'y^z'^dx AdyA dz) = -V{x'yh'') x V0 = ( {2k- i)x^+^yh^ 

~2jx'+^y^-'^z^+^ 

= {jx'+'^y^-^z^)dy Adz + {{2k - i)x'+^y^ z^)dz A dx 
+ {-2jx'+^y^-^z''+^)dx A dy, 

hence 

9rF{d3{x"y^z'' (g) c{w)) ~ 5j,{x^y^ z^dx A dy A dz). ■ 

In order to obtain the Poisson homology of the Poisson algebra T, we need to compute 
the homology of a certain complex, called Koszul complex associated to the polynomial cj). By 
definition, this complex is given by ^ n"{T) -^ n^{T) -^ n'^{T) -■ n^{T) -^ 0, where the 
differential is the map Adcf) : il'^(T) ^> J7'^+^(r). This complex is identified to the following 

>- T >- T^ ^ T^ *- T *- 

F ^ FVcf) F ^ F ■ \/<h 

(5.15) 

F F xVcj) 



For < p < 3, let us denote by H^{T) the p-th homology space of this complex. 
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Remark 5.2 Let us recall from WI. that if (^ G T is a weight-homogeneous polynomial 
with an isolated singularity at the origin, then the homology of the Koszul complex associated 
to ^ is given by: H^{T) = {0}, for p = 0, 1, 2, while H^{T) = ^^^ ^^^^3^ is the so-called 

Milnor algebra associated to (^ and is, in this case, a finite dimensional vector space. In the 
following lemma, the homology of the Koszul complex associated to 4> = —x^z (admitting a 
non- isolated singularity at the origin) does not satisfy the same properties. 

Lemma 5.3 Let cj) = —x^z. The homology of the Koszul com,plex i5.15\) associated to (p is 
given by: 

H^iT) = {FeT|FV0 = O} = {0}; 

i?|(T) = -^ ^ ^ xC[y]®C[y,z]. 

Proof. The fact that Hq{T) ~ {0} is clear. In order to compute the space Hf{T)^ let us 
consider an element F = (Fi,F2,-F3) G T^ satisfying F x V0 = 0. This is equivalent to 
i^2 = and xFi = 2zF^. So there exists G eT such that Fi = -2^6* and i^s = -xG. Let 
us now write G — xH + K, with H G T and A' G C[y, z], so that 

Moreover, if AT G C[y, z] satisfies K (^oj = HV(f> = -H ( 0^ j , with H e T, then neces- 
sarily a: G €[?;, z] n xT = {0}. This permits us to conclude that Hf{T) ~ C[y, z] Po^ V 

Let us now compute the space H'^{T). Every polynomial G £T can be written as G = 
xGi+H, where Gi G T and H G C[y, z]. Then, Gi can also be written as Gi = xA+zS + G, 
with A, B G T while C € C[y], so that 

G = x^yl + xzB + xG + iJ (5.16) 

G F-V<j> + xC[y]+C[y,z], 

where A = -{l/2B,0,A) G T^. This shows that H!^{T) ~ xC[2/] -I- C[y,z]. It is also 
clear that this sum is a direct one, because an equality of the form xC + H = G ■ V(/), 
with G G C[y], H G C[y, z] and G £ T^ implies that x divides H, so H — and then it 
remains that G G {xT + zT) n C[y] which means that C ~ Q. We finally have obtained 
HtiT)^xC[y]®C[y,z]. 

We determine the space ffl" (T). To do this, let us consider an element F = (Ai, A2, A3) G 
T^ such that = A • V0 = -a;(2zAi + xAs). Then, there exists G G T satisfying Ai = xG 
and A3 — —2zG. We write G = xH + K, with H € T and K G C[y, z]. Moreover, according 
to the previous computation of H^{T), there exist L = (Li, A2, A3) G T^, A G C[y] and 
i? G C[j/, z] such that we can write A2 = L -Vcj) + xA + B ^ -{2xzLi + x^As) +xA + B. 
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This gives 






_H )xVcj, + C[y,z] (J J + i^C[y] + C[y, z]) (i) 



We have shown that HP^{T) C C[j/, z] f o^ j +(a;C[y] + C[?;, z]) M j and the other inclusion 
is clear. It remains to show that this sum is direct. Let A G C[y] and B^K G C[j/,z], and 
assume that there exists H = {Hi, iJ2, ^3) G T^ such that 

\ K + {xA + B) (") = H X V(j) = ( -2xzH3+l^m 



2xzH2 



In particular, xA + B = —2xzH3 + x^Hi, so that B e xT n C[?;, z] — {0} and then 
A G {zT + xT) n <C[y\ = {0}. It remains xK = -x^H2, so that x divides K G C[y, z] and 

K = Q. This permits us to conclude that H^{T) ~ C[2/, z] ( J J © (^^^[t;] ® C[y, z]) f 1 V ■ 

Remark 5.3 In [22], for every weight-homogeneous polynomial cp G C[a;,2/, z], admitting 
an isolated singularity, it is shown, using the fact that the Koszul complex associated to ip 
is exact, that {^ G T^ | V^s • (V x F) = 0} = {VG + HVip \G,H e T}. In the following 
lemma, this is not true anymore if (p is replaced by = —x'^z. 

In the following, we will say that an element F = (^1,^2,^3) G T"^ is homogeneous of 
degree d G Z, if Fi, F2, and F3 are three homogeneous polynomials of the same degree d. 
(Notice that we use the convention that a polynomial of degree d < is zero). 

Lemma 5.4 Let (j) = —x^z G T = C[a;,2/, z]. Let F ^ T^ be a homogeneous elem,ent of 
degree n G N. // V0 • (V x _F) = 0, then there exist homogeneous polynomials G, H G T (of 
respective degrees n + 1 and n — 2), C, P £ C[y, z] (of respective degrees n — 1 and n — 2 j 
satisfying 



dy dz 



and a G C, such that 

1. Ifn = 0, thenP ^ VG; 

2. Ifn<^2 + 3N, then 

I^^yG + Hy(j)+(o]c+(-3xz]p; (5.18) 

3. Ifn = 2 + 3k, with k G N, then 

F = VG + HV(j) + ( J^ ) C* + ( -f^ )P + a{x^zf ( _^o^, \ . (5.19) 
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Proof. We will prove this result by recursion on n G N. As we have to distinguish whether 
n G 2 + 3N or not, we first have to show the desired result, for n = 0, 1, 2. 

o If n = 0, then there exist a,b,c G C, such that F — {a,b,c), and it is clear that 
F = VG, with G = ax + by + cz eT. 

-, / aix+biy+ciz\ 

o If n = 1, there exist Oj, bi, Ci G C, for i = 1, 2, 3, such that F = a2x+b2v+c2z j and the 

condition V(j> • (V x F) = is equivalent to: 63 ~ ci and a2 = b\. Using this, it is easy to 
verify that we can write 

with G = \ (aix^ + 2b\xy + {c\ + az)xz + 622;^ + 2c2yz + csz^) £ T and C = i(ci - 03). 
dc 
9y 



Note also that ^ = 0, so that the equation (|5.17l) is satisfied (here P — 0). 



o If n = 2, there exist aij, bij, Cij G C, for 1 < *,i < 3, such that 

^ / aiix'^+ai2xy+ai3XZ+a23.yz+a22y^+a'i'iz'^ 

F = I biix'^+bl2Xy + bi3XZ + b23yz + b22y^+b33Z^ 
\ Cllx'^+C12Xy+C13XZ+C23yz + C22y'^+C33z'^ 

The condition V0 • ( V x F) = is equivalent to the following identities: 2ci2 — ^13 — 023 = 0, 
2c22 - &23 = 0, C23 - 2633 = 0, 2611 - ai2 = and 612 - 2022 = 0. Using this, it is 
straightforward to verify that 

zC+2yzP \ / xz 

F = VG + ( ~3xzP I + a ( ^ 



-xC+xyP 



with 



G = -fliix^ + -ai2x'^y + -(ais + cii)x^z + -(023 + biz)xyz + 022x2/^ 

+ o("33 + ci3)a;z^ + -b23y'^z + b^^yz^ + -6222/^ + ^^332^, 

a = 5(013 - 2cii), G = i(a23 - hajy + §(2033 - 013)2 and P = ^(023 - &i3)- Notice that 
the equation (|5.17l) is clearly satisfied in this case. 

o Let now tti G N, such that m > 3, and suppose the lemma is proved for all n G N 
such that n < m. Let now F G T'^ be a homogeneous element of degree to, satisfying 
V(/) • (V X F) = 0. 

According to Lcmma l5.3[ this hypothesis implies that there exist homogeneous elements: 
K eT^, P,C e C[y, z] and E G C[y] such that 



\7 X F = K X 



^^+{iz)p+{l)(-^+^)^ 



with the degrees of K, P, E and G respectively equal to to, — 3, to, — 2, to, — 2 and m — 1. 
Computing the divergence of this, we obtain 

-> dP dC 

= Div(V xF)^{V xK)-V(t)-P - 2z^— + xE' + -—, 

oz oy 
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where £" = ^ and where we have used that Div{K x V0) = (V x K) ■ V(/). This impUes 
that X divides the polynomial — P — 2z-^ + ^ which lies in C[y, z], so that it is zero: 

d£ dP_ 

dy dz 

It remains that (V x ^) • V(^ + xE' = 0, which gives E' G {xT + zT) n <C[y\ = {0}, and 
E' = 0. This fact, together with the hypothesis that E is supposed to be homogeneous of 
degree m — 2, and m > 3, imply E — Q. We have obtained: 

\J xF = K xSI(j)+( ""c 

^ \ -2zP 

Now, K is of degree m — ?, < m and satisfies (V x K) ■ V0 = 0, so that we can apply the 
recursion hypothesis to obtain the existence of homogeneous elements G,H G T, D,Q £ 

Cly, z], a G C, and fc G N, such that 



and 



/ zD+2yzQ \ „ , / xz \ 

K = VG + HV(I)+ { -3xzQ ]+a(x^z)''( o, ) 

\-xD+xyQ J \-x J 



The polynomials G, H, D and Q are respectively of degree to — 2, m — 5, m — A and m — 5. 
Notice that, by hypothesis, a is supposed to be zero, except if ?7i — 3 = 2 + 3fc. We now 
compute 

/ Sx'^zQ \ o , / \ 

KxVcl) = VGxV(/.+ sx'zD ]+a{x^z)'' (sx^z). 

\~^6x^z^qJ V / 

Denoting by e the so-called Euler vector e :— {x,y,z) G T^, we use the following general 
result (Proposition 3.5 in [22]), which is due to the exactness of the De Rham complex of 
C[x,y,z]: ii A = {Ai,A2,A^) G T^ is a homogeneous element of degree d G N, such that 
Div(A) = 0, then the Euler formula VA^ • e = dA^ (l < i < 3), implies that {d + 2)A = 

Vx (Axe). 



As 



Div(( lyzD ] +aix-'zy{3x^z]] = BW(K xV(f>-VGxV(f> 



-Gx^z^Q 



+ a{x''z)''(^3X^'\ = Div(7 



= 0, 
we can write K x Vcj) = V x L, where L is given by: 

1 / 3x^zQ \ 1 9 t, / \ 

L = GVc/) + 7 — sx^zD X e H -a(x^z)'' 3x^z x e 

(to + 1) V-6^^z^q/ m + 1 ' V / 

1 /3x^z^D+6x^yz^Q\ 3 o 1.^1 / ^^z \ 

(to + 1) V 3x^yzQ-3x-'zD J m + I V -.t / 

Moreover, we have also 

xP \ I ^ / / xP \ \ 1 „ / / zC+2yzP 

c = V X c X e ~ V X -3xzP 

-2zPj TO + 1 \\-2zPj J m+1 \\-xC+xyP 
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We finally obtain 

/ ^ 1 / zC+2yzP 

VxF^Vx { L-\ -3xzP 

\ m,+ l\ -xC+xyP 

This permits us to apply another general result (Proposition 3.5 in [22]): ii A — {Ai, yl2, A3) 6 
T^ is a homogeneous element of degree d G N, such that V x A = 0, then the Euler formula 
VAj ■e = dA, (1 < J < 3), implies that {d+l)A^ V{A-e). 

This implies that there exists a homogeneous element S ^ T (of degree m + 1), such that 

^ 1 / zC+2y2P 

F = VS + L + -3xzP 

771+1 \ -xC+xyP 

I / 3x^z^D+6x''yz^Q 

= VS + GV(j)+- — -9x^z^Q 

(in + 1) V ■ix^yzQ~3x^zD 



777+1 V-a;V 777+ 1 V-^ 



zC+2yzP 
3xzP 
C+xyP 



Let now V := ,^J^_j. xz{D + 2yQ) (as 2m — 7 7^ 0). The polynomial V is homogeneous 
of degree 777 — 2. Now, using ()5.20p and the Euler formulas y^ + z^ = (777 — 4)D and 
2/-g2 + z-j^ = (777 — 5)Q, it is straightforward to verify that we have : 

/ 3 \ 1 /3x''z^D+6x''yz^Q\ 

\777+i y (777+ij\ Ss^yzQ-SK^zn / 

Denoting by a := — xr", G := G - F and by 5* := S* - , ^.^. x'^zV, C = ^rrG and 
~ m+T^' ^® '"^'^ write: 

~ ~ .9 ^til / ^^ \ / zC'+2yzP \ 

F = VS' + GV0 + a(a;2z)'^+M _oJ + _3^,p . 

^ ^ ^ V-xC+xyP/ 

Moreover, S* and G are homogeneous polynomials and we have already seen that G and P 
satisfy the identity (I5.17P so that this identity is also satisfied by G and P. ■ 

In the sequel, we will several times need the following technical result. 
Lemma 5.5 // r G N, c e C and if K G <C[x,y,z] is a homogeneous polynomial such that 
cxcjf ( 1 ) = V-R" X V(/), then K G C[a;, z\. Moreover, K is a constant, or (j) divides K . 

Proof. Denote by 777 the degree of the polynomial K. Suppose that K ^ C, so that 771 > 1. 
The hypothesis on K is equivalent to ^ — and ccj)^ = ~-2z^ + x^, hence K G C[x, z\. 

If r = 0, then for degree reasons, c = and — —2z^ + x^. If t' > 1, then the degree 
of i^ is 777 = 3r. The hypothesis implies that x divides the polynomial z^^ and using the 
Euler formula mK — x^ + z^^ we conclude that x divides K. Similarly, we obtain that 
z divides also K, so that we can write K = xzKi, with Ki a homogeneous polynomial in 
C[x, z], (of degree 777 - 2). We write Ki = XK2 + c'z"^'^, where c' G C and K2 G C[x, z] is 
a homogeneous polynomial of degree 777 — 3. Hence 

-c^'-ix = -c'(2777 - 3)2^-2 _ 2xz^ + x^^, 

oz ox 

which implies that c' — 0, so that K — x^zK2 and divides K . ■ 
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Corollary 5.6 Let (f> ~ —x^z G T = C[a;. y, z\. We have 
{F e T^ I V0 • (V X F) = 0} 



{VG + H\/(j)\G,H eT} 



C[(/.](3)©C[z](_£ 



e cf '-3^1^^ "iZ-z-^-^ 

^-"^ \ {-2n+3{k-l)) xy J 

l<fc<n+l 

Proof. First of all, using (|5.17p , it is straightforward to verify that an element F e T'^ of the 
form given in (|5.18p or in (|5.19p satisfies the equation V0- (V x F) = 0. This, together with 
Lemma 15.41 gives: 

{F e T3 I V0 • (V X F) = 0} 
{\7G + HV<j>\G,H gT} 

( / zC+2yzP \ „ , / xz \ 

= \{ -3xzP ]+a(x^z)''( n,)|aeC,fceN, 

{\-xC+xyP J \-x-J 

G,Pe C[y,z] satisfying |Si=P+2^|f } 

Fix now n E N. Let C,P £ C[y, z] be homogeneous polynomials satisfying ^ = P + 2z^. 
We suppose that P is of degree n, so that C is zero or of degree equal to n + 1. We write 
C and P as 

n n+1 

P = J2 aky'^z''-'', and C == ^ 6fcy'^2"+l-^ 

fe=0 k=0 



where ak,bk G C Then, compute 

— -P-2z— 
oj/ oz 



r)G f)P " 

= — - P - 2z— = ^ ((fc + l)&fc+i - (2(n - fc) + l)afc) /z"-^ 



fc=0 



so that, necessarily, for all fc = 1, . . . , ri + 1, we have hk — ^ Qfc-i- We then can write 

xC+xyP J \-xz) ^k \(-2n+3(fe-l))a;y / 



Oo Z + > -afe_i -3kxz 

\-xzJ ^-^ k V (-2n+3(fe-] 

fc— 1 

/ z^ \ "^ ( (2n+3)yz \ 

e C[z] ( ) + y C -3fe.. 

\-xzl ^ \(,^2n+3{k-l))xyJ 



n+1 _ 



fc=i 
We then have shown that 

{F G T3 I V0 • (V X F) = 0} 



{VG + 7JV0I G,H eT} 



C[0](5)+C[z](;£ 



^ V(-2n+3(fc-l))xj/y 

nGN 

l<fe<ri+l 

and it remains to show that this sum is a direct one. To do this, it suffices to show that 
each homogeneous component of this sum is a direct sum. Notice that an element of the 
space of the right hand side of the previous equation is at least of degree 2, so that, we fix 
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n G N, and we consider the degree n + 2 component of the previous sum. Let a, c e C and 
r G N, and for all 1 < fc < n + 1, we consider Ofe G C. Suppose that there exist homogeneous 
elements G, 7J G T, of respective degrees equal to n + 3 and n, satisfying: 

a0M oj +C2"( 1) ) +yafc -akxy"-^ ..-+'-" \^VG + HV(f>. (5.21) 

^-'^ ' \-xzJ ^ \(-2n+?,(k-l))xy''z"' + ^-'' ) 



Notice that a = Q \in ^ 3r. Applying the curl operator to this identity permits us to obtain 

- ^ fc(2n + 6) Ofc /-i;2«+2-fe = 2x2- 



k=l 



dy ' 



which implies that Ofe = 0, for all 1 < fc < n + 1. This, together with ()5.2ip imply that 
^ = 0, so that G G C[a;, z], while, this together with the result obtained by applying the 
curl operator to the previous identity (|5.2ip . give: 

n rr BJ-f 

3(r + l)a xcj)"- + {n + 3)cz"+i = -2xz^— + x^^—. 

oz ox 

This shows that x divides {n + 3)cz"+^, which means that c = and the equation ()5.2ip 
becomes: 

act)'' ( jfO "" '^'^ ^ ^^"^^ ^^'"^"^^ 

It remains to show that a = 0. Of course, it is true if ti ^ 3r. Suppose now that n — 3r. 
Applying to the equation (j5.22p the inner product with e and using the Euler formula, gives 
= (n + 3)G + SHcj), so that (f> divides the polynomial G. Now, either G is zero or we can 
write G — (p^Gi and H = — (r + l)(j)^^^Gi, where ^ G N* and Gi G C[x, z] is a homogeneous 
polynomial of degree n + 3 — 3^ — 3(r — ^) + 3, not divisible by (f). In the case G = 4>^Gi, we 
can write (|5.22p as 

acj)'' ( _^o^, ) = 0'^VGi + (i-r- l)(/)^-iGi V0, (5.23) 

and also 

acj)"- (^sX) = 0^VGi X V0 = 0' f2xz^+x'^Y (5.24) 

As the degree of Gi is equal to3(r — ^+1), if£>r+l, then Gi is a constant and equa- 
tion (15.241) implies a — 0. Suppose that i < r, then a(jf~^ ( zx^z ) = —iaxcff'^^^ \^]~ 
VGi X V0. Then, Lemma [53] shows that Gi is a constant and (|5.24p implies that a = 0. ■ 

We now determine the Poisson homology of the Poisson algebra (T, {•,•})■ 

Proposition 5.7 Set T ~ C[x,y, z] and consider (p = —x'^z G T . The algebra T becomes a 
Poisson algebra when equipped with the Poisson bracket {•, •}, defined by: 

{y,z}^ — ^ -2xz, {z,x}=: — =0, {x,y} = — = -x'^. 

Using the identifications fl^(T) ~ T^ , fl'^{T) ~ T^ , fl^(T) ~ T explained above, the 
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Poisson homology spaces of the Poisson algebra T are given by: 
HPoiT) ~ xC[y]®C[y,z]; 



HP,{T) ^ CH ( }\ ) e C[z] ( ) © C ( 



0<fe<n 







l<fe<n+l 



HP2{T) ~ C[0](|) ® (xC[0]©zC[z])(i) 



neN 
0<fc<n 



(k+l)x 
'n-k) + l\ 
-2(fe+l) 2 



C( (2(n-fc) + l)y j/z"-*^'- 



Proof. Remark that it is not possible to apply the results of Monnier for the computation of 
Poisson homology as we have seen for the third type (proof of Proposition |4?5]). Actually, it 
is easy to check that the Poisson bracket derived from the potential x^z is not diagonalizable. 
To determine the Poisson homology spaces, notice that the polynomial (j) is homogeneous of 
degree 3, so that, considering T graded by the total degree of the polynomials, the operator 
<^p (1 !i P ^ 3) is homogeneous of degree 1. This permits one to determine the Poisson 
homology spaces, degree by degree. 

The 0-th Poisson homology space HPq(T). 
According to (|5.3p . 

HPoiT) ^ 



{(5i(G)|G = (Gi,G2,G3)er3|' 



where Si{G) = 2xz (^ - ^] + x"^ (^ - ■^] . We have already seen that every poly- 
nomial G eT can be written as in (|5.16p . with A,B e T while C £ C[y] and H e C[y, z]. 

■^Gi and B = -2^ 

oy oy 



Now, there exist Gi G T and G3 £ T, such that A = ^ and B = -2^, so that 



BG BG 

G^x^A + xzB + xG + H= -2xz^ + x^—^ + xG + H = di{G) + xG + H, 

oy oy 

with G = (Gi,0,G3) G T^. This shows that HPq{T) ~ xCly] + C[y,z] and as for the 
determination of the space H^{T)^ we show that this sum is a direct one. We finally have 
obtained HPoiT) ~ x<C[y] ® C[y, z\. 

The third Poisson homology space HP^{T). 

First, it is easy to see that C[(?!)] ~ C[0]da; A dy A dz C HP'i{T). Conversely, we consider 

a homogeneous element F e HPz{T), i.e., F e T ~ n^{T) satisfying VF x V(a;^z) = 0. 
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We write F — 4>^Fi, with ?■ e N and Fi G T, a homogeneous polynomial, not divisible by 
(j) — — x'^z. Then 

= VF X V0 = V{(j>''Fi) X (/> = r^'^-^Fi V0 x V0 + (/)''VFi x V(/) = (j>''\/Fi x V0, 

so that VFi X V0 = 0. Lemma [531 f with c = 0) then implies that Fi e C. We finally have 
obtained that HP^iT) ~ C[x^z] = C[0]. 

r/ie first Poisson homology space HPi{T). 
BydOl), 

JFeT^ I V(/>-(V X F) = o| 



HPi(r) = 



{-V [g ■ vA + Div(G)V0 I G e Ts} ' 



Let F G T'^ be an element satisfying V0 • (V x F) = 0. According to corollarv l5.6[ there 
exist G,H eT such that: 



'n-\-i- 



n+l 
nGN fc=l 



/ (2n+3)j/z \ 

where Un k = -3k xz yk-l^n+l-k^ j-^j, ,j (= pj g^^jj 1 < fc < n + 1. 

V(-2«+3(fc-l))a;?// 

Now, according to the determination of HPo{T), there exist L,K E T'^, A,Ae C[y] and 
B,B e C[y,z] such that 

G = V(t)-{V X L)+xA + B, and H ^ Vcj) ■ {V x K) + xA + B. 
As (52 (-V X L) = V fv0 • (V X L)\ , and (52 (i? x V(/)) = [ V(/) • (V x /?)] Vcf), we obtain 
F G 52{-^ ^L + K x\/(t)) + V{xA + B) + {xA + B)y(f) 

n+l 
neNfc=l 

Now, let us consider Ai e C[y] satisfying ^J^ = ^ and Bi e C[y, 2;] satisfying ^^ = i3. It 
is then straightforward to verify that 

(52 ((xA,-fzJ^\\ = (xi + B)V(/., 

SO that 

n+l 



F e Im((52) + V{xA + B)+ C[(^] ( Jf 2 ) + ^H ( Jo J + ^ ^ C 
This permits us to write 



Un.k- 
neNfc=l 



n+l 

HPi (T) 2i €[(/)]( 3 ) + C W ( _1)J + ^ 51 '^ ^".'^ 

neN/£=l 

+ {V(a;A + S) I AeC[2/],SeyC[y,z] + zC[2;,2]}. (5.25) 
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Let us show that this sum is a direct one. Suppose that there exist P G C[X] a polynomial in 
one variable, Q G C[z], A £ C[y], and a polynomial B G yC[y, z] + zC[y, z] (i.e., S G C[y, z] 
with no constant term), K £ T^ , and for every n G N and every 1 < fc < n + 1, suppose 
that a^ G C are constants, such that: 



n+l 



vM + s) + p{<p) ( S ) + Q(^) ( _i ) + E E ' 

nGNfe=l 
= -V(i? • Vcfy + Div(i?)V0. 

This implies that 

n+l 

^(0) ( % ) + Q(^) ( X) + E E <""-'^ ^ i^^^*^ + VL I X, i G T}. 

According to Corollary 15.61 necessarily P = 0, Q = and a)! = 0, for all n G N and all 
1 < fc < n + 1. It then remains V(a;A + B + K ■ V0) = Div(i4r)V0, which implies that 
V(xA + i3 + A'- V0) X V(t> = and according to the determination of the space HPj,{T)^ this 
gives the existence of polynomial in one variable R G C[X], such that xA+B+K-Wcj) = R{(t>)- 
As there is no constant term in B and for degree reason, necessarily (j) = —x'^z divides i?(0) 
and X divides B G C[j/, z], which implies that B — 0. Moreover, last equation permits us to 
obtain A G C[y] f) {xT + zT) = {0}. This permits us to conclude that the sum in (|5.25p is a 
direct one, i.e., we can write 



n+l 

nGNfe=l 

{VM + B)\A£ CM, S G yC[y, z] + zC[y, z]} . 






Finally, it is clear that 

{VixA + B) I A e C[y], B e yC[y, z] + zC[y, z]} 



ec «4- ©0 ^('yri^ 



neN ^ ° ^ neN-0<fe<n ^ '" ''^'''°''" 







and this finishes the determination of HPi (T) . 

The second Poisson homology space HP2{T). 
According to (|5.3p . we have 



|f G T^ I -V(i? • V0) + Div(i?)V0 = 0| 

HP (T^ = -i^ — 

'^ ^ {VG X V(/) I G G T} 

Let F G T^ be a homogeneous element of degree n G N, satisfying 

- V(i? • V(/.) + Div(F)V0 = 0. (5.26) 

This implies that V{F ■ Vcj)) x V0 = 0. This, together with the determination of HP^iT) 
gives the existence of a G C and r G N such that F ■ V(j) = a4f . Notice that if r — 0, then 
for degree reasons, a — i). According to the Euler formula Vcj) ■ e — 3(p (where we recall that 
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e = {x, y, z) G T^), we get F ■ V0 = jcjf ^e ■ Vcj). With the help of the determination of 
i?2 (T) in Lemma 15. 3[ this gives the existence of a homogeneous element G 6 T^ of degree 
n — 2, and homogeneous polynomials B,D € C[y, z] and A £ C[y] such that 

F = -(if-'^e + G X V0 + f a;l?i3 \ . 

3 V -2z_D / 

We now compute the divergence of F: 

Div(i?) = ar^'-i + {V X G) ■ \/(j) - D + xA' + ^— - 2z--. 

oy oz 

The equation (|5.26p then becomes 

= (V X G) • V<^ - i? + xA' + ^ - 2z^, 

ay oz 

which shows that x divides the polynomial ^ — 2z^ — 13 e C[y, z]. This implies that 
^ =L> + 2z|e andO= (Vx G)- V0+x^', so that we also have A' e (.xT + zT)nC[y] = {0}. 
We have obtained that yl = /3 e C is a constant and 

(V X G) • V0 = 0. 

Lemma[F3]leads to the existence of homogeneous polynomials G, ff G T, and G, P G C[y, z], 
of respective degrees equal to n — 3 and n — 4, satisfying 

f^^P + 2,f^ (5,27) 

oy oz 

and 7 G C, fc G N, such that 

G = VG + HV0+(jjG+(-|.)F + 70'-(jf.). 



Now, this permits us to write: 
F^ -^'--le + VG X V(/) 



+ (^) + (-£:i) + (-'^"^'''+^"KD 



Let us now fix a homogeneous polynomial Pi G C[y, z] verifying ^^ = P. Then the equation 
(|5.27p gives ^ (G - Pi - 2z^) = 0, i.e., G - Pi - 2z-^ is a homogeneous polynomial in 
C[z] , of degree n — 3, which means that there exists 77 G C such that G = Pi + 2z-^- + rjz 
Now compute 

^3 ( -3a;zPi + ""^^ xz'^-A = -3V f xzPi + ^ xz""^ ) x V0 
V 2n — 5 / \ 2n — 5 / 

3 1 't:^ ixf'r 

\ -2x'^z^P 

Zx^zP 
Zx^zC 
'Qx'^z^P , 
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This implies: F G Im((53) + C[0]e + ( s j + xC[0] ( i ) • Conversely, it is straightforward 
to see that an element of this space lies in the kernel of 82- In other words, 

HP2{T) = C[(/)]e + xC[0] (1) + {(_|'^) \D,Be C[v,z] satisfying ||=D+2.f|} . 

Let us show that the previous sum is a direct one. To do this, let us consider a homogeneous 
element of this sum. Let n G N, a, /3 G C, and homogeneous polynomials D,B € C[y, z] of 
respective degrees equal to 3n and 3n + 1 satisfying ^ — D + 2z^ and a homogeneous 
G G T of degree 3n, such that 



0\ / xD 



y.2 ac 



a(l)''e + pxcj)"" ( 1 + B = VG X V0 = -~2xz^+x' 

.0/ \—2zDj \ n__,8G 



2xzi 



Computing the inner product of this identity with V(/) leads to 3q;0"+ = 0, so that a ~ 0. 
Moreover, this gives xD = -x^^, so that D e xT r\ C[j/, z] = {0} and |^ = 0, i.e., G G 
C[a;, z]. Moreover, the second row of the previous equation implies that B G xT r\'C[y,z\ — 
{0}, and B = 0. It remains to show that /3 = 0, while we have J3x4>^ ( ^ ) ~ ^^ ^ '^'t'- 
According to Lemma [5.51 G is a constant, which implies that /3 = 0, or there exist ^ G N* 
and a homogeneous polynomial H G C[a::, z\ (of degree 3n — 3^) and not divisible by cf), such 
that G ~ (f>^H. Necessarily, we have £ < n and 

Using once more Lemma 15.51 and because (j) does not divide H, we get H E C and 
I3x(j)"'^ (Vj = 0, so that ^ = 0. 
We then have obtained 



HR 



(T) = C[0]e e xC[0](i) © {{_f^) \D,BeC[y,z]:^=D+2zmiY 



so that it remains to show that 



{(. 



f]\D,BeC[y,z]:f^D + 2zf 
-2zD J dy oz 



0<k<n 



C[z](l)® ffi c( i2{n-k) + l)y]y''z"^-''. (5.28) 

VO/ ^-^ \ -2ik+-\)z / 



To do this, let us consider n G N and homogeneous polynomials D,B E C[y, z] of respective 
degrees n and n + 1, satisfying ^ — D + 2z^. We have already seen in the proof of 
CoroUarv 15.61 that this implies the existence of complex numbers at G C, < fc < n and 
60 G C, such that 

n n+1 



This gives 



fe=0 fc=l 



B = boz" + ^ ( 1 +y r^ (2(„-fc) + l) /'+!."-'= 



71 

(i)»® 



(2(n-k} + l)y /z"-'= 



k=0 - 2(/c+l). 
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Notice that the previous sum is a direct one, because of degree reasons. This permits us to 
conclude that (j5.28p holds, which finishes the determination of HP2{T). ■ 

Remark 5. 7 Recall that the Poisson structure which equips the algebra T is unimodu- 
lar, i.e., its modular class (see [31]) vanishes (here, even the curl vector field (see |10j) is 
zero), which implies that there is a duality between the Poisson cohomology and the Poisson 
homology of the Poisson algebra T: HP'[T) ^ HP3-,{T). 

Now, we show that each Poisson cycle can be lifted in a Koszul cycle. By definition, a 
Koszul cycle is a cycle of the filtered complex (j5.4p . 



Proposition 5.8 We denote by T the polynomial algebra T = C[x,y,z] and we consider 
(j) = —x^z £ T . The algebra T is equipped with the Poisson bracket {•, •}, defined by: 

{y, 2:} = -^ = -2a;z, {z,x} = — =0, {x,y} = — = -x'^ . 

Let also B be the non- commutative algebra 

B = C(a;, y, z)/{zy — yz + 2xz, zx = xz, yx = x + xy). 

Let us consider the filtration F on the algebra B, given by the degree in y. For every Poisson 
cycle X , there exists a Koszul cycle (i.e. a cycle 0/ the filtered complex ( [5.^[ )j X such that 
grF{X)^X. 

Proof. Proposition 15 . 71 gives a basis for each Poisson homology vector space of T. For every 
Poisson boundary Sk{X), we have seen in Proposition 15.21 that grp{dk{Y)) — 6k{X), where 
Y is the element X, viewed in the algebra B and written in the basis {x'^y^ z''), i,j, fc £ N. 
So that X := dk{Y) is a Koszul cycle satisfying grp{X) ~ Sk{X). This implies that it 
suffices to show that each element X of the bases of the Poisson homology spaces given 
in Proposition 15. 7[ can be lifted to a Koszul cycle, i.e., for each element X of the bases, 
we will give a Koszul cycle X, satisfying grp{X) = X. Notice that we will use here the 
identifications explained before: B{k{c{w)) ~ B, BRb ^ B^, BVb :^ B^, and n^(T) ~ T, 

n^{T) ~ t3, rji(r) ~ r and n"{T) ~ t. 

Lifting of the Poisson 0-cycles. 

As every element of i? is a Koszul 0-cycle (and similarly for the Poisson 0-cycles), every 

Poisson 0-cycle can be lifted in a Koszul 0-cycle. 

Lifting of the Poisson 3-cycles. 

According to Proposition [ETl HP^iT) ~ C[(/)] = C[x'^z]. For each c £ C and fc £ N, (lETi)) 
clearly leads to d3{cx'^''z'' c{w)) — 0, so that cx^^z'^ ® c{w), which is identified to cx^'^z'^, 
is a Koszul 3-cycle satisfying grp{cx'^^z'^) — cx'^'^z^. 

Lifting of the Poisson 1-cycles. 

According to Proposition 15. 7[ the space HPi{T) is generated as a C- vector space by the fol- 

/ X2 X f z^ \ ^ ( (2n-|-3)y''z"+^-'' N 

lowing elements: Ak :— (x z)* ( o^ 1 , B^ := z*" ( 1, Un^k — ( -3k xy'' 



{-2n+3{k-l)) xy'' z"-^^-'' 







V^ 



v,n..^ :~ I '^y" 2"*_°_ , and Wp :— pxy^-^ , where n,p eN, m e W and 1 < fc < n + 1, 

(7n-s)y=z"'-^-= J \ 

< s < m. 



37 



Now, by definition of di and because xz = zx in B, it is clear that: 

Ji(x^''+^z''+^ (g)a; -x^'^+^z'' ® z) = 0, and (Ii(z'^+^ ® x - a;z'~+^ z) = 0, 



so 



that Ak := s^'^+^z'^+i (g) a; - s^'^+^z'' ® z and S^ := 



,r+2 



z^~^^ (g) z are Koszul 



1-cycles satisfying grF{Ak) — Ak and grpiBr) = B,.- 

Next, according to (|5.8I) and (|5.9I) . it is easy to see that, for aU a,b,c ^ N, 



a+l„,fc ^c 



di(A'a,6,c) = (2c-a):E°+^y''z 

where we have denoted by Xa.b,c '■= x°-y^z'^ ®y — 2c x°-y^z'^ (g) x. 

Let n e N and 1 < fc < n + 1. Using formulas ((5?8| . ([0|) and (|5.10p . we get 



(5.29) 



Ji ((2n + 3) y'=z"+2-'= ® a; - 3A; xy^~^ z^^"^"^ ® y 
+ (-2n + 3(A: - 1)) a;/z"+i-'= ® z) ^ 



fc-2 



fcO 



fc! 



Y.a^.,/-x^-'+Wz''^'-'' 



where for ah < ^ < A: - 2, a„,fe,<> := -2n - 6 + 6fc - 3^ + 2n(fc - ^) - 3fc(fc - ^). Now, 
according to (lOg)) . for all < £ '< fc - 2, 

di(A'fe_,,,,„+2-fc) - (2(n + 2 - fc) - (fc - ^)) a;'=+l-^/z"+2-'= 
= (2n + 4-3fc + ^)a;'=+i^^y^z"+2-^ 

Moreover, because fc < n + 1, we have 3fc — 4 — 2n < fc — 2 and if 3fc — 4 — 2n > 0, then we 
denote by t[n,k) := 3fc — 4 — 2n, and it is straightforward, using once more ()5.8p . (j5.9p and 
(|ETU)) . to verify that 



(^i I — — tt; ® X 



fci-i 



(A.a) + 1)! 



E 

t=0 



1 '^fc-t.t,n+2 



+2~k 



t\ 2(n+2-fc)-(fe-t) 



1 



^(n,fc)! 



2n-2fe+5 3A:-4-2ri n+2-fc 



Finally, we let 

{2n + 3) yfcz"+2-fe (g) a; - 3/fc 2;2^fe-i;2«+2-fe ^ y _^ (-_2n + 3(fc - 1)) xy^z'^+'^''' ® z 

( k-1 

- E ff 2U+2-k\-(k-i\ Xk-i,i,n+2-k, if 3fc-2(n + 2) <0; 



1=0 



Efcl \^ "■"•':(„, fc) ri,K,r.J ^ _ fc! an,fc,£ 

f! l-l. , , ^fc-^,^,n+2-fc Z^ ^1 £_£ 

' • ' fc<?(„,fc)+l ' ' ' 



^=0 



X, 



k-e,e,n+2-k 



^^ - (^ f + l)! Q»,fc/(„.fc) a;2"+3-2fcy3fc-3-2n^«+2-fc ^ 2;, if 3fc - 2(n + 2) > 0. 
Then, we have grpiUn.k) — Un,k and Un,k is a Koszul 1-cycle. 
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Now, let m G N*, < s < TO and consider 

s-2 






2(m-s)-l f! 

Then we have (7ri?(V^i,s) = Um,s and it is straightforward, using (|5.9p and (|5.10p to verify 
that Vm,s is a Koszul 1-cycle. 
Finally, let p G N and consider 

fe=0 ■ A:=0 

It is clear that grp{Wp) — Wp and moreover, using (|5.8p and (|5.9p . we obtain that di(Wp) = 
0, i.e., Wp is a Koszul 1-cycle. 

Lifting of the Poisson 2-cycles. 

According to Proposition 15. 7| the space HP2{T) is generated as a C- vector space by the 

following elements: Cr ■= {x'^zylyV D^ := x(a;^z)^(ij, Et := z*+^(ij, o„^fc := 
(2(n-fc)+i) y^+iz"-*" , where r, s, i, n e N and < fc < n. 

\ -2(fe+l)y'=z"-'= + i / 

First, if r e N, then, using (IS.lip . (|5.12l) and (I5.13p . we obtain easily: 

d2{x^''^^z'' ®rx+ x^^'yz'' r2 + x^''z''+^ (g) rs) = 0, 

so that Cr '■— x^'^^^z'^ ri + x^^yz^ (E) r2 + x'^^z^^^ r3 is a Koszul 2-cycle satisfying 
grp{Cr)=Cr. 

Moreover, if s, i e N, then, because xz = zx in B and by definition of ^2, we have 

diix^'^'^z' ® ra) = 0, and d2(z*+i ® ra) = 0, 

so that Dg := a;^*+^z*®r2 and Et := z*+^(K)r2 are Koszul 2-cycles and satisfy grp{Dg) = Dg 
and grpiEt) = £'f. 

Now, let n G N and < fc < n and 

0„,fc := {k + 1) a;/^"^'^ ® n + (2(n - fc) + 1) /+iz"-'= «> ra 

fc-i 



-h -2(fc-|-l)/z"-'^-+i-^ 



(fc + 1) 



]=0 ■> 



x^ 'y^z"^^^'' I C^rs. 



Then, using once more formulas (|5.1ip . (|5.12p and (j5.13p . it is straightforward to verify that 
d2{On,k) = 0. Moreover, we have of course, grp{On,k) = On.k, which finishes the proof. ■ 

Proof of Theorem \1.1\ Actually, it remains to prove that the Hochschild homology of the 
algebra B is isomorphic to the Poisson homology of T obtained in ProDOsition l5.7l Following 
the same method as in [27] , we use the Brylinski spectral sequence of the almost commuta- 
tive algebra B jUIl^. Denote by C the filtered complex (|5.4p and denote by {FpC)p(zz its 
filtration. The complex FpC is the following 

-^ Fp+s{B{Cc{w))) ^ Fp+2{BRb) ^ Fp+,{BVb) -^ Fp{B) -^ (5.30) 
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where Fp denotes the fihration of the total degree. Let us consider the spectral sequence 
associated to the filtered complex C (Section 5.4 in [3^). The term E^ of this spectral se- 
quence is the graded complex naturally associated to the filtered complex C. By Proposition 
15. 2[ _E° is isomorphic to the Poisson complex of the Poisson algebra T. Since the filtration 
F of the complex C is increasing, exhaustive and bounded below [F^iB ~ 0), the spectral 
sequence converges to H,{C) (Theorem 5.5.1.2 in [30]): 

4, = Hj,+g{FpC/Fj,^iC) =^ Hp+,{C). (5.31) 

Thus, in order to conclude that the Hochschild homology of the algebra B is isomorphic to 
the Poisson homology of T, it is sufficient to prove the following. 

Proposition 5.9 The spectral sequence associated to the filtered complex C degenerates at 

E\ 

Proof. We apply a standard criterion for degeneration of spectral sequences (Lemma 5.2 
in [27]) with r — 1 (we use the notation of [27]). This criterion consists in proving that the 
natural map 

4>l : H,{FpC) — > El 

is surjective for any p. Since the term E^ is isomorphic to the Poisson homology of T, 
surjectivity is given by Proposition 15. 



Since B is 3-Calabi-Yau (Theorem 12. lOp . we deduce Hochschild cohomology of B from 
Theorem 11.11 HH*{B) = HH3^,{B). In particular the center of the algebra B is the 
polynomial algebra generated by the element $ of Proposition H^ i.e. generated by x'^z. 
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